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1 Introduction and preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -) and || - ||,
respectively. Let C be a nonempty closed convex subset of H and Pc the projection of H
onto C.

Let f, S, A, B, T be five nonlinear mappings. Recall the following definitions.

(1) f: H — H is said to be contractive if there exists an o € (0, 1) such that

If) = fDI <eallx —yll, Vx,yeC.

(2) S:C — C is said to be nonexpansive if
ISx — Syl < llx = yll, Vx,yeC.

Throughout this paper, we use F'(S) to denote the set of fixed points of the mapping
S. We also remark that if the subset C is nonempty bounded closed and convex then
F(S) # 0.

(3) A:C — H is said to be monotone if

(x —y,Ax — Ay) >0, Vx,yeC.
(4) A:C — H is said to be inverse-strongly monotone if there exists § > 0 such that
(x —y, Ax — Ay) > §||Ax — Ay|%>, Vx,yeC.

Such a mapping A is also called §-inverse-strongly monotone; see, for instance, [1,9].
We know that if S : C — C is nonexpansive, then A = I — S is %—inverse—strongly
monotone; see [1,23] for more details.

(5) B:C — H is said to be strongly positive if there is a constant y > 0 such that

(Bx,x) = 7llx|*, VxeC.

(6) A set-valued mapping T : H — 2% is called monotone if f € Tx and g € Ty imply
that (x —y, f —g) > Oforall x,y € H. A monotone mapping T : H — 2 is
maximal if the graph of G(T) of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7' is maximal if and only if
for (x, f) e Hx H,{(x —y, f —g) > 0forevery (y, g) € G(T) implies f € Tx. Let
A be a monotone map of C into H and let Ncv be the normal cone to C atv € C, i.e.,
Necv={w e H:{(v—u,w) >0, Yu € C} and define

_ | Av+ Ncv, veC
Tv—[@’ s )

Then T is maximal monotone and 0 € Tv if and only if (Av,u — v) > 0,Vu € C; see
[18] for more details.

Recall that the classical variational inequality is to find u € C such that
(Au,v—u) >0, YveC. (1.1)

In this paper, we use VI(C, A) to denote the solution set of the variational inequality (1.1).
For given z € H and u € C, we see that the following inequality holds

(u—z,v—u) >0, VveCdC,
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if and only if u = Pcz. It is known that projection operator Pc is nonexpansive. It is also
known that P¢ satisfies

(x —y, Pcx — Pcy) > ||[Pcx — Pcyl?, Vx,y e C. (1.2)

One can see that the variational inequality (1.1) is equivalent to a fixed point problem.
An element u € C is a solution of the variational inequality (1.1) if and only if u € C is a
fixed point of the mapping Pc(I — AA)u, where A > 0 is a constant and [ is the identity
mapping. This alternative equivalent formulation has played a significant role in the studies
of the variational inequalities and related optimization problems.

Iterative methods for nonexpansive mappings have recently been applied to solve con-
vex minimization problems; see, e.g., [8,11,27,28,31] and the references therein. A typical
problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H:

1
in —(Bx,x)— h(x), 1.3
xg}:l%)Z( x, x) — h(x) (1.3)

where B is a linear bounded operator defined on H, F(S) is the fixed point set of the nonex-
pansive mapping S and £ is a potential function for y f (i.e., A’ (x) = yf(x) forx € H).
Recently, Marino and Xu [11] studied the following iterative scheme

xo € H, xpp1=U—-0y,B)Sx, +ayyf(xy), n=>0,

where f is a contraction defined on H, B is a strongly positive linear bounded operator and S
is a nonexpansive mapping with a fixed point. They proved that the sequence {x, } generated
by the above iterative scheme converges strongly to the unique solution of the variational
inequality

(B—yf)x*,x —x*) >0, VxeF(S),

which is the optimality condition for the minimization problem (1.3).
Let F be a bifunction of C x C into R, where R is the set of real numbers. We consider
the following equilibrium problem:

Find v € C such that F(u,y) >0, VyeC. (1.4)
In this paper, the set of such u € C is denoted by EP(F), i.e.,
EP(F)={ueC:F(u,y)>0, VyecC}

Numerous problems in physics, optimization, and economics reduce to find a solution of
(1.4); see, for instance, [2,7,10].

Throughout this paper, we assume that the bifunction F' : C x C — R satisfies the
following conditions:

(Al) F(x,x)=0forallx € C;
(A2) F is monotone, i.e., F(x,y) + F(y,x) <Oforallx,y € C;
(A3) foreachx,y,z e C,

limsup F(rz 4+ (1 —t)x,y) < F(x,y);
t}0

(A4) foreachx € C,y — F(x,y) is convex and lower semi-continuous.
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Recently, Takahashi and Takahashi [22] introduced the following iterative method

[F(ym u) + %(u — Y, Yn—Xn) >0, YueC,
Xpt1 = n f () + (I —ay)Ty,, n>1

for approximating a common element of the set of fixed points of a single nonexpansive
mapping and the set of solutions of the equilibrium problem (1.4). They obtained a strong
convergence theorem in a real Hilbert space.

Subsequently, many authors studied the problem of finding a common element of the set
of fixed points nonexpansive mappings, the set of solutions of variational inequalities and
the set of solutions of equilibrium problems; see [3-6,13-17,20,22,24,25,29,30] for more
details.

Recently, Colao et al. [6] studied the equilibrium problem (1.4) and a W-mapping, which
was generated by a finite family of nonexpansive mappings; see [6] for more details, and
prove the following theorem.

Theorem VMX Let H be a Hilbert space, C a closed convex nonempty subset of H, {T; };V: |
a finite family of nonexpansive mappings from H into itself, G : C x C — R a bifunction,
A a strongly positive bounded linear operator with coefficient y and f an o-contraction on
H for some 0 < a < 1. Moreover, let {€,} be a sequence in (0, 1), {)»,,J-}fvz1 a sequence
inla,b]with0 < a < b < 1,{r,} a sequence in (0, 00) and y and B two real numbers
such that) < B < 1 and 0 < y < y/a. Assume the bifuction G satisfies (A1)—(A4) and
FNEP(G) # @, where F = ﬂlNle(Y}), and the sequence {€,} satisfies

(D) limysoo€n =0, and > 02 €y = 00,
the sequence {r,} satisfies

(2) liminf, oo ry > 0,limy 00 7y /71 = 1,
the finite family of sequence {)Ln,i}lN: | satisfies

3) limy— oo |An,i — An—1,il =0, foreveryi € {1,2,..., N}.
For every n € N, let W, be the W-mapping generated by Ti,...,Ty and
Ands oo AN If {xy )} and {uy,} are the sequences generated by x; € H and ¥n > 1.

[F(M”, y) + %(y_uny up —xp) >0, VyeH, (1.5)

Xpp1 = AV f(xn) + Buxn + (1 = B)I — oy BIWyuy,

then both {x,} and {u,} converge strongly to x* € F, where x* is an equilibrium point
for F and is the unique solution of variational inequality,

(A—yf)x*,x*—x) <0, Vxe FNEP(G).

Very recently, Chang, Lee and Chan [5] introduced a new iterative method for solving the
variational inequality (1.1), fixed point problems of nonexpansive mappings and the equilib-
rium problem (1.4) in the framework of real Hilbert spaces. More precisely, they proved the
following theorem.

Theorem CLC Let H be a real Hilbert space, C be a nonempty closed convex subset of
H, F be a bifunction satisfying the conditions (A1)-(A4), A : C — H be an a-inverse-
strongly monotone mapping, {S; : C — C} be a family of infinitely nonexpansive mappings
with FOVI(C, A)YNEP(F) # 0, where F := ﬂ;’il F(Si)and f : H — H be a contraction
mapping with a contractive constant £ € (0, 1). Let {x,}, {vn}{kn} and {u,} be sequences
defined by
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Fun, y) + 7y = tn, un = 3) = 0, ¥y € C,

Xn+1 = oy [ (Xn) + Buxn + VuWipkn, VYn =1, (1.6)
kn = Pc(yn — AnAyn),

yn = Pc(uy — AnAuy),

where {W,, : C — C} is the sequence defined by (1.7), {a,}, {Bn} and {y,} are sequences in
[0, 11, {A,} is a sequence in [a, b] C (0, 2a) and {r,} is a sequence in (0, 00). If the following
conditions are satisfied:

D) ap+Bi+v=1

(2) limysoo 0ty = 0; D02y = 00;

(3) 0 <liminf, 00 B, <limsup,_, . B, < I;
(4) iminf, oo ry > 0; D02 | [Fag1 — ral < 00;
(5) limy—co [Ant1 — Aul =0

then {x,} and {u,} converge strongly to z € F N VI(C,A) N EP(F), where
z = Pravic.mnepr) f(2).

In this paper, motivated and inspired by the research going on in this direction, we intro-
duce a general iterative method for finding a common element of the set of solutions of
the equilibrium problem (1.4), the set of solutions of variational inequalities and the set of
common fixed points of a family of nonexpansive mappings in the framework of real Hilbert
spaces. The results presented in this paper improve and extend the corresponding results of
Chang Lee and Chan [5], Ceng and Yao [3,4], liduka and Takahashi [9], Qin, Shang and
Zhou [14], Su, Shang and Qin [20], Takahashi and Takahashi [22], Takahashi and Toyoda
[24], Verma [26], Yao, Noor and Liou [29], Yao and Yao [30] and many others.

In order to prove our main results, we need the following definitions and lemmas.

A space X is said to satisfy Opial’s condition [12] if for each sequence {x,} in X which
converges weakly to point x € X, we have

liminf ||x, — x|| < liminf ||x, — y|, Vye€ X,y # x.
n—0o0 n—0o0

It is well known that [12] all Hilbert spaces and /,,(p > 1) satisfy Opial’s condition, while
L, does not unless p = 2.

Lemma 1.1 ([2]). Let C be a nonempty closed convex subset of Had F : C x C - Ra
bifunction satisfying (A1)—(A4). Then for any r > 0 and x € H, there exists z € C such
that

1
F(z,y)+;(y—z,z—x>20, Vy e C.

Lemma 1.2 ([7]). Suppose that all the conditions in Lemma 1.1 are satisfied. Forr > 0 and
x € H, define a mapping T, : H — C as follows:

1
T, (x) = [ZGC:F(z,y)+;(y—z,z—X)20, VyGC]

for z € H. Then the following conclusions hold:

(1) T; is single-valued;
(2) T is firmly nonexpansive, i.e., forany x,y € H,

ITrx — Tryl* < (Trx — Try, x — y);
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(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 1.3 Let H be a real Hilbert space. The following inequality holds
e+ y01% < I +2(v.x + ), x.yeH
Lemma 1.4 ([27]). Assume that {«,} is a sequence of nonnegative real numbers such that
o1 = (1= yn)an + 6n,

where {y,} is a sequence in (0, 1) and {5, } is a sequence such that

(1) 2521 v =003
(2) limsup,_, oo 8n/¥n < 00r D07 18a] < 00.

Then lim,_, o ¢t;, = 0.

Definition 1.5 ([21]). Let {S; : C — C} be a family of infinitely nonexpansive mappings
and {y;} be a nonnegative real sequence with 0 < y; < 1,Vi > 1. For n > 1 define a
mapping W, : C — C as follows:

Un,n—H - [7
Un,n = VnSnUn,n+l + (1 - )/n)l,
Un,n—l = Vn—ISn—lUn,n + (1 - Vn—l)la

Unk = veSkUn k1 + (1 — )1, (L.7)
Unk—1 = Vi-18k—1Unk + (I — k-1,

Uno=7289Unz+ (1 =y,

Wi =Up1 =yiSiUp2+ 1A =yl
Such a mapping W, is nonexpansive from C to C and it is called a W-mapping generated by
Sns Sn—15 -+ Sy and Yo, Yu—1, ..., V1.

Lemma 1.6 ([21]). Let C be a nonempty closed convex subset of a Hilbert space H,
{Si : C — C} a family of infinitely nonexpansive mappings with N2, F(S;) # ¥ and
{vi} a real sequence such that0 < y; <1 < 1,Yi > 1. Then

(1) W, is nonexpansive and F (W) = ﬂ?:] F(S;), for eachn > 1;

(2) foreach x € C and for each positive integer k, the limit lim,_, o, Uy x exists.

(3) the mapping W : C — C defined by

Wx := lim W,x = lim U, 1x, xe€C,
n—o0 n—00

is a nonexpansive mapping satisfying F(W) = N2 F(S;) and it is called the W-map-
ping generated by Sy, Sa, ...and y1, 2, . ...

Lemma 1.7 ([5]). Let C be a nonempty closed convex subset of a Hilbert space H, {S; :
C — C} a family of infinitely nonexpansive mappings with N2 F(S;) # ¥ and {y;} a real
sequence such that 0 < y; <1 < 1,Yi > 1. If K is any bounded subset of C, then

lim sup [Wx — W,x| = 0.

n%ooxEK

Throughout this paper, we always assume that 0 < y; </ < 1,Vi > 1.
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Lemma 1.8 ([19]). Let {x,} and {y,} be bounded sequences in a real Hilbert space H and
let {Bn} be a sequence in (0, 1) with 0 < liminf, .« B, < limsup,_, . Bn < 1. Suppose
that xp+1 = (1 — By)yn + Bnxn for alln > 0 and

lim sup (| yn+1 — Yull = IXn+1 — x2ll) < 0.
n—00

Then lim,, s oo || yn — x| = 0.

2 Main results

Theorem 2.1 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C x C to R which satisfies (A1)-(A4). Let A; be a §;-inverse-strongly
monotone mapping of C into H for each j = 1,2,{S; : C — C} a family of infinitely
nonexpansive mappings with @ := FP N EP(F) N VI # (), where FP = N2 | F(S;) and
VI=VI(C, A1) NVI(C, Ay). Let f be a contraction of H into itself with the contractive
coefficientx(0 < @ < 1), B : C — H a strongly positive linear bounded self-joint operator
with the coefficient y > 0. Assume that 0 < y < y Ja. Let {x,} be a sequence generated by
x| € H and

F(un, y) + i()’ —Up,up —xy) 20, VyeC,

Zn = Pc(up — AnAouy),

Yn = Pc(zn — mnAi1za),

Xnt1 = dpV [ (xn) + Buxn + [ = Bu)] — oy BIWyyn, Vn > 1,

(2.1)

where {W,, : C — C} is the sequence defined by (1.7), {a,} and {B,} are sequences in
[0, 1] and {r,,}, {’y} and {n,} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

CHO0<a<B,<b<1,0<c<n,<d<28,0<c <X, <d <28,¥Vn>1,;
(C2) limyoo ey =0and > 02| oty = 00;

(C3) liminf, 1y > 0,lim, 00 7y /ruy1 = 1

(C4) limy—00(Ay — Apt1) = limy— 00(Mn — Npt1) = 0.

Then the sequence {x,} converges strongly to z € 2, which solves uniquely the following
variational inequality

(B=vyf)z,z—x) <0, VxeQ. (2.2)
Equivalently, we have Po(I — B+ yf)z =z.

Proof The uniqueness of the solution of the variational inequality (2.2) is a consequence
of the strong monotonicity of B — y f. Indeed, suppose that z; € € and zo € 2 both are
solutions to (2.2). Then, we have

(B=vyfz1,21—22) <0

and

((B—=vflza,z2—z1) <0.

Adding up the two inequalities, we see that

((B=vyflzi —(B—vyf)z2,z1—22) =0.
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The strong monotonicity of B — y f (see Lemma 2.3 of [11]) implies that z; = z and the
uniqueness is proved. Below we use z to denote the unique solution of (2.2).

Next, we show, foreachn > 1, that the mappings I —n,, A and I —X,, A, are nonexpansive.
Indeed, for Vx, y € C, from the condition (C1) one has

(I —npADx — (I — naADyl?
= (x —y) — ma(A1x — A2
= llx = ylI? =20, (x —y, A1x — A1y) + n2llA1x — Ayyl?
< lx = y1? =281l Arx — Ary|? + n2llArx — Ary|?
= |lx — yII> + na(ny — 26D A1x — Ay y|?
< llx = ylI%,

which implies the mapping I — 1, A is nonexpansive, so is I — X, A, for each n > 1.
Note that u,, can be re-written as u, = T, x, for each n > 1. Take x* € Q. Noticing that
x* =T, x*, we have

lwp — x| = T 2x0 — Tp, x| < llx0 — x™]. (2.3)
On the other hand, we have

llzn — x*|| = [1Pc(un — knAsity) — Pc(x™ — Ay Aox™)||
< l(un — ApAzuy) — (x* - )‘-nAZX*)H
< lup — x*|. (2.4)

It follows from (2.3) and (2.4) that

llzn — x*|| < llxp — x™|, (2.5)
which yields that
lyn — x*l = I Pc(zn — MnAizn) — Pc(x™ — 0y A1x™)||
< 1(zn — MwA120) — (" — 9, A1x™)||
< llzn — x*|l
< |lxn — x¥. (2.6)

Note that from the condition (C2), we may assume, without loss of generality, that o, <
(1 = B)IB|~" forall n > 1. Since B is a strongly positive linear bounded self-adjoint

operator on C, we have
I BIl = sup{|[(Bx, x)| : x € C, [|x]| = 1},
Now for x € C with ||x|| = 1, we see that
(1 =B —apB)x,x) =1 = By — an(Bx, x)

I —Bn —anll B
0,

vV 1V

thatis, (1 — B,)I — «, A is positive. It follows that

(=B —anBll

sup{{((1 = )] —anB)x,x) :x € C, ||lx[| = 1}
sup{l — B, —an(Bx,x) :x € C, ||x|| = 1}
1 — B —any. 2.7

IA
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From (2.1), (2.6) and (2.7), we arrive at

letny f () + Buxn + [(1 = Bu) I — an BIWyyn — x|
< anllyf ) = Bx™l + Bullxn — x* + (1 = B) I — an Bl Wayn — x*||
< anllyf ) = Bx™l + Ballxn — x*| + (1 = Bu — an?) [ Wy yn — x7||
< anllyfGn) — v f GO+ anlly f &) = Bx™l| + Bulln — x|
+ (L= Bn — an)llyn — x*||
< aopyllxy — x* | +anlly f () = Bx*|| + Bullxn — x|l
+ (1 = By — o) lxn — x*|
=[1 —an (7 —ay)lllxn — x* [ + anllyf (™) — Bx*|.

”xn-‘rl —x* ”

By simple inductions, we obtain that
x*) — Bx*
llxn —x*|l < maX‘Ile =X, ”yf(_)—”} .
Yy —ay
which gives that the sequence {x,} is bounded, so are {y,}, {z,} and {u,}. Without loss of
generality, we can assume that there exists a bounded set K C C such that

Yn>Zn>Un € K, Vn>1. (2.8)

Notice that u,,+1 = Ty, ,,xy+1 and u, = T;, x,,. We see from Lemma 1.2 that

F(upyr1,y) + (y —tpy1, Upy1 — Xp41) 20, VyeC, 2.9

T'n+1
and
1
F(unay)+7<y_un»un_xn) >0, VyeC. (2.10)
n
Lety = u, in (2.9) and y = u,4 in (2.10). By adding up these two inequalities and using
the condition (A2), we obtain that

Uy — X Up+1 — Xp+1
<Mn+1 —u,, n no_ n+ n+ > > 0.
I'n n+1

Hence, we have
n

(tnt1 — xn+l)> > 0.
n+1

<un+l —Up, Uy — Upy] + U] — Xy —

This implies that

2 'n
lupr1 —unll” < <Mn+l — Up, Xp+1 — Xp + (1 - ; ) (n41 — xn+l)>
n+1

'n
< llunt1 — unll [||xn+1 = xull + ‘1 - lnt1 — Xnt1 ||} .
Fn+1
It follows that
I'n
lupsr — unll < lxnt1 — Xl + |1 = lttn1 — Xpt1ll
n+1
'n
=< ||xn+l _xn||+Ml 1-— 5 (211)
n+1
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where M is an appropriate constant such that M = sup,,> {|lu, — x,|}. On the other hand,
from (2.1) and the nonexpansivity of the mapping I — A, A>, Vn > 1, we see that

lznt1 — zull = 1 Pcnt1 — Any1A2uny1) — Pe(un — Ay Agup)||
< lunt1 — Anp1A2upt1 — (n — AnAguy)||
= [l = Ant1A2)upt1 — (I — Angp1A2)un + Ay — Ang1) Asun||
< lunt1 — tnll + 1An — Anp1 || Azutn]l. (2.12)

Substituting (2.11) into (2.12), we arrive at

L

zn+1 = zall < llXn41 — Xl + M2 (

+ [An — Anti |) ; (2.13)
n+1

where M, is an appropriate constant such that My = max{sup,,>;{l[A2unll}, M1}.
On the other hand, we have

I¥nt1 = Ynll = 1 Pc(znt1 — Mn1A12n41) — Pe(zn — mnArza) |l
< lznt1 = M1 A12Zng1 — @n — 10 A1za) |l
= [l = m1ADZn+1 — L = Nup1AD) 20 + 0 — M+ 1) A1 zal
< llzn+1 = znll + 100 — M1l A1 20|l (2.14)

Substituting (2.13) into (2.14), we obtain that

HW+y—MnsHM+r—mu+A@(p_ m

I'n+1

+ P = At |+ [ = M)
(2.15)

where M3 is an appropriate constant such that M3 > max{My, sup,,~ | {[[A1z,|}}. Letting

Xn+1 = (I = Bvn + Buxn, Vn =1, (2.16)
we see that

1 Vf Cut1) + [ = Bup 1)l — a1 BIWyp 19011
I- ﬂn-H
apyfxp) + (1 = B — oy BIW, yy
- 1= B,
Unt1

= ——[yfGnt1 — BWpynl + Wyr 141
1 - .3n+1

o
- - [vf(xn) — BWyyu]l — Wyyn.
1 - ,Bn

Up+l — Un =

It follows that

Op41 Oy
I = 17,8]||Vf(xn+1 = BWuynl + —p lvf CGen) — BWyynll
— Pn+ —Pn

I Wht1Yn+1 — Wayall. 2.17)

lvn+1 — vn
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On the other hand, we have

||Wn+1yn+l - Wnyn” = ||Wn+1yn+l - Wyn+1 + Wyn+1 - Wyn + Wyn - Wnyn”
< MWat1Yn+1 = Wynsill + IWynetr — Wynll + 1 Wyn — Wy ynll
< sup{||Wpt1x — Wx|| + [Wx — Wux (I} + [lyn+1 — yall,

xek

A

(2.18)

where K is the bounded subset of C defined by (2.8). Substituting (2.15) into (2.18), one
arrives at

[Was1Yns1 = Waynll < sup{[|Wpq1x — Wx|| + [[Wx — Wyx|l} + [Ixn41 — x|

xekK

r
+Ms3 (‘1 -]+ [An = Apgtl + [0 — 77n+1|) ,
Tn+1
which combines with (2.17) yields that
lvns1 — vall = llxn+1 — xall
On+1 Fn
< ———IvfGnt1 — BWuyull + lyf(xn) — BWyyull

1 - ﬂn-H 1 - ﬂn
+ sup{[|Wpy1x — Wx|| + |Wx — Wyx|}

xekK

|- I
Tn+1

+M3 (

It follows from the conditions (C2)—(C4) and Lemma 1.7 that

+ 1An = Aptt| + 100 = Nnt1 |) .

lim Sup(||vn+l - vn” - ||xn+l _xn”) <0.
n—00

Hence, we obtain from Lemma 1.8 that
lim v, — x| =0.
n—00
From (2.16), we see that
lxn+1 — xnll = (A = B llve — xull.
It follows that
lim |lx,4+1 — x|l = 0. (2.19)
n—oo
Put f, = yf(xn) — BW,yy, for Vn > 1. For any x* € Q, we from Lemma 1.3 see that

Ixne1 — x* 12 = llany f () + Buxn + [(1 — BT — oty BIW, vy — x*||?
= llaayf o) + Buxn + (1 = B) Wiy — ey BWyy, — x* |12
= llan(¥f (n) = BWuyn) + [Ba(xn — x*) + (1 = B) (Wyyw — x)]11?
< 1BuCon — x*) 4+ (1= B Wayn — X% + 20 ( fu, Xpg1 — %)
< Bullxn = x* 12+ (1 = B Wayn — x* 12 + 20| fo | 1051 — x*|
< Bullxn — x* 12+ (1 = B llyn — x*|1* + 20, M7, (2.20)
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where My is an appropriate constant such that

My = max{sup || full, sup [lxn — x*[I}.

n>1 n>1

On the other hand, it follows from (2.1) that

lyn = x*I1* = | Pc(zn — naArzn) — x*|*
< I = nuADzy — (I = 1, Ax™||?
= [l(zn — x*) — np(A1zy — Ax™)|?
= llzn — x* 1% = 20z — X%, A1zn — A1x*) + 02| A1ze — Arx*|?
< llzw = x*11* = 20,811 A1 20 — Arx*1? + 02l A1z, — Arx*|)?
= llzn — X |7 + 0 G — 28D Arzn — Arx™|1%. @21
Substituting (2.21) into (2.20), we arrive at
201 — %1% < Bulln —x*I7 + (1 — B)(llzn — x*II
1 (1 — 280 |1 A1z — Arx*[1?) + 20, M3
< Bullxn — x* 17 + (1 = B (llxn — x*|I?
0 (1 — 2801 A1z — Arx*|1?) + 20, M3
< 12 = x*17 4+ (1= Bt (i — 28D | A1z — Arx*||? + 200, M3,

It follows from the condition (C1) that
(1=b)c28) — d)|Arzn — Arx*|1* < llxw — x* |7 = lxags — x*|1% + 200, M7

2
< (Il — X1+ g1 — X D lIxn — Xn1 1l + 2000 My

It follows from (2.19) and the condition (C2) that

lim [|A1z, — A1x*|| = 0. (2.22)
n—oo
Next, we show that
lim ||Asu, — Axx™|| = 0. (2.23)
n—00
From (2.20), we obtain that
21 — X117 < Bullxn — x* 17 + (1 = B llzn — x*II* + 200, M3, (2.24)

On the other hand, we have

lzn — x*II* = IIPc(un — Ay Asuty) — x*||?
< I = ryADuy — (I — Ay A2)x*|?
= [ty — x*) = An(Aguty — Ayx™)|?
= Nl — X*|* = 20 (uy — x*, Agtty — Axx™) + 22| Aquy — Apx*||?
< llup — x*[1* = 220821l Azt — Aox*|* + 22| Aguy — Axx*||?
= llun — X*|I? 4 A (on — 262) [ Aquty — Aox™|1%. (2.25)
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Substituting (2.25) into (2.24), we arrive at

It — %1% < Bulln — x* I + (1= By — x* 1 + Ay (hn — 282) | Aoty — Azx*||?)
+2a, M}
< Bullxn — x* 17 + (1= Ba)(Ixn — X* 17 + A (o — 262) || A2uty — Aox™|1%)
+20, M}
< xn = 3512 4 (1 = Bu)dn (hn — 282) | Aoy — Axx™ |* + 20, M.

It follows from the condition (C1) that

(1 = b)c' (28 — d)| Aguy — Apx™|1* < |lxy — X*1* = X1 — x* 11> + 20, M
< (lxn — X+ 1 — X* D xn — X1 14200, M3

From (2.19) and the condition (C2), we see that (2.23) holds.
On the other hand, it follows from Lemma 1.2 that

2 2
lun — x*|I7 = 75, xn — Tr,,X*”
=< (Trnxn - Tr,,x*7 Up _X*>

= (x, —x", Up —)C*>

= %(nun — XMF 4 flovw = x* 12 = flun — xall®) (2.26)
and hence
i = 517 < lotw = 211> = X0 — unll®. (2.27)
From (2.24), we have
Ixn41 = x*1% < Ballxw — x* 1% + (1 = B)llun — x* 1> + 20, M3 (2.28)

Substituting (2.27) into (2.28), we arrive at

g1 — X1 < Bullxn — x*I1% + (1= B (0 — x*I* = [1xy — unll®) + 2004 M7
< low — x*1% = (1 = Bu)lxn — unll* + 200, M3

It follows that
(1= B)lxn — unll* < Ulxn — X* |+ a1 — x* D120 — xa || + 20, M3
Thanks to the conditions (C1), (C2) and (2.19), we obtain that

lim lx, —u,| = 0. (2.29)
n—oo
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On the other hand, from (1.2), we have

lzn — x*I1> = IIPc(I — hnA2)uty — Pc(I — hnA2)x*|?
<A = rADuy — (I — A A)x™, 2, — x¥)

1
= 5 {1t = xnA2yun — (1 = AnADX? + |z, — x*|?

(I = A A2ty — (I = Ay AD)x™ — (24 — x*) |1}

IA

1
5 (I — X1 + Nzn = X117 = llun — 20 — An(Asuy — Axx™)|1?}

1
2 2 2
= ) {”un — X*17 A+ llzn = x5 = lun — zall

+ 2y (tty — Zny Adtty — Axx™) — A2 Asu, — Aox*|?},

which implies that
lzn = x*1* < llun = x*1* = lun — 20ll* + 2An (. — 2n, Aguty — Aox™)
— Ml Aguy — Agx*|?
< on = X112 = llun = zall® + 2hn llun — zallll Azuty — Agx*|l. (2.30)
Substituting (2.30) into (2.24), we arrive at
X1 — X1 < Bullxn — x*I1 + (1 = B (Ulxn — x* 11> = llun — zall®
+ 20 lltn — znll Agun — Agx*|)) + 200, M
< lxn = x* 12 = (4 = Bty — zall* + 2hnlltn — zull Azuty — Aox™||
+ 20‘;1M4%5
from which it follows that
(= B llun = zall® < llxw = x* 17 = g1 — x*|1% + 20, M7
+2xpllun — znllA2uy — AZX* I
< (I = x* I + X1 — x*ID1xn — Xg | + 200, M3
+ 24, iy — zpllAoun — A2X*”~
It follows from the conditions (C1), (C2), (2.19) and (2.23) that
lim |u, —z,|| = 0. (2.31)
n—0o0
Next, in a similar way, we show that

lim |y, — zall = 0. (2.32)
n—0o0
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From (1.2), we have

lyn — x*1*> = |Pc( — naA1)zn — Pc(I — 0y ADx™|?
<A = nu Az — (I — 1y ADX*, 3y — x¥)

1
3 (I =1 ADzZy — (I = 00 ADX™II? + lyn — x*)12
— (I = 1y ADzZn — (I — g ADx* — (v — x9)|?}

1
<3 {lzn = 1% + Ilyw — x*1% = llzn — Yo — ma(A1zn — A1x™))1?}

A

A

1
< 5 {llz =¥+ lyn = x*1 = llzn — yull?

+ 200 (zn — Yno A1zn — A1x*) — m3l| A1z, — Arx*|?},
which implies that

1yn = X* 1% < llzn — 1% = lzn — yull* + 200 (20 — Yn. A1z — A1x™)
—nall A1z, — Apx*)?
< lxw = 17 = llzn = Yl + 20 llzn — yulll Arza — Arx*||. (2.33)
Substituting (2.33) into (2.20), we arrive at
Xns1 = 317 < Bulln — 12 4+ (1 = Ba) (Ixn — X117 = 2w — yull?
+ 20ullzn = YulllArzn — Arx*|)) + 20, M7

< xn = x* 12 = (A = B llzn — yall? + 2000120 — YulllArzn — Arx*|
+2anM4%,

from which it follows that

(L= B)llzn = yull* < Ny — %17 = l1xp1 — x|
+ 200 llzn — Yullll A1z — Arx*|| + 200, M7
< (Ixn = x|+ X1 = x*Dllxn — X1
+ 20nllzn — Yullll Arzn — Arx¥||
+ 20, M3

It follows from the conditions (C1), (C2), (2.19) and (2.22) that (2.32) holds.
On the other hand, from (2.1), we have

Wiyn = xnll < X0 — Xpt | + 1xn+1 — Wyl
< Mxn = Xpp1 | +anllyfxn) — BWyynll + Bullxn — Waynll.

It follows that

(I = BlIWuyn — xull < lxn — Xu1ll + anlly f (xn) — BWpynll.
Since (2.19) and the conditions (C1), (C2), we obtain that

lim [[W,y, —x,|l = 0. (2.34)
n—00
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Notice that
IWoyn = yull < llyn = zull + llzn — unll + Nl — xp 1l + lxn — Wiyl
From (2.29), (2.31), (2.32), and (2.34), we obtain that
lim [|Wy,yn — yull = 0. (2.35)
n—oo
Next, we prove that

lim sup{(yf — B)z,x, —z) <0,

n—oo

where z = Po[l — (B — y f)]z. To see this, we choose a subsequence {x, } of {x,} such that

lim sup((yf — B)z.xn = 2) = lim (v = B)z.xu, —2). (2.36)

n—oo

Since {x,,} is bounded, there exists a subsequence {xn,.j} of {x,;} which converges weakly
to w. Without loss of generality, we can assume that x,, — w. On the other hand, we have

lxn = yull < llxn — unll + llun — znll + llzn — yall-
It follows from (2.29), (2.31) and (2.32) that
lim ||x, — yu|l = 0. (2.37)
n—oo

Therefore, we see that y,,, — w. First, we prove that w € VI(C, Ay). For the purpose, let T
be the maximal monotone mapping defined by (A):

_ Aix+ Ncx, xeC
T"‘[Q), x¢cC.

For any given (x, y) € G(T), hence y — A;x € Nc¢. Since y, € C, by the definition of N,
we have

(X =yn,y —A1x) = 0. (2.38)
On the other hand, from y, = Pc(I — n,A1)z,, we have
(X =Y yn — U —mADzn) =20

and hence

<x—yn, y"n_z" +A1zn> > 0.

n
From (2.38) and the §;-inverse monotonicity of A, we see that

(X = Yn;» ¥) = (X — yn;, A1X)

L — Zn.
M+A1zm>
n

ni

> (x_yniaAlx> _<x - Yn;»

= (X — Yn;» A1x — A1yn;) + (X — Yn;» Atyn; — A1Zn;)

< Yn; — Zn; >
—{x =y, 7—
Mn;

Yni — Zn;
> (x _YniaAlyni _Alzn,'> _<x - Yn;i» " " & >
n;
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Since (2.32), y,; — w and A; is Lipschitz continuous, we obtain that

Iim (x — yu,, ) ={x —w,y) > 0.

1—>00

Notice that 7' is maximal monotone, hence 0 € Tw. This shows that w € VI(C, Ay). It
follows from (2.32) and (2.37) that we also have

lim |x, — z,| = 0.

n—oo
Therefore, we obtain that z,, — w. Similarly, we can prove that w € VI(C, A). That is,
weVI=VIC,A)NVIC, Ay).

Next, we showthatw € FP = ﬂl?ilF(Si). Suppose the contrary, w ¢ FP,i.e., Ww # w.
Since y,; — w and by the Opial condition, we see that

liminf ||y,, — w|| < liminf [y, — Ww||
1—> 00 11— 00
< liminf{|ly,, = Wyn, | + [Wyn, — Wwl|}
11— 00
= liminf{{ly,, — Wyn, | + llyn, — wll}. (2.39)
11— 00

On the other hand, we have

Wyn — Waynll + [|Wnyn — yall

<
< sup [Wx — Wyx| + [Wyyn — yull-
xekK

Wy — yall

From Lemma 1.7 and (2.35), we obtain that lim,,—, oo || Wy, — yu || = 0, which combines with
(2.39) yields that that

liminf ||y,, — w| < liminf ||y, — w]|,
11— 00 11— 00
which derives a contradiction. Thus, we have w € FP.

Next, we show that w € E P (F). It follows from (2.29) that u,, — w. Since u, = T, xp,
forany y € C, we have

1
F(up,y) + 7<y — Up, Uy — Xp) = 0.

n
From the condition (A2), we see that

1
—(y —up, uy — xp) = F(y, uy).

I'n

Replacing n by n;, we arrive at
Uy, — Xy,
<y_un,-7 o n’>ZF(ya”ni)-
T

It follows from the condition (A4) that
F(y,w) <0, VyeC.

FortwithO <t <landp € C, let oy =tp + (1 —t)w. Since p € C and w € C, we have
pr € C. By using the condition (A4), we see

0= F(por, pr) <tF(pr, p) + (1 =1)F(pr, w) < tF(pz, p).
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which yields that

F(pr, p) =2 0.
By using the condition (A3), we see that F'(w, y) > 0,Vy € C. This showsthatw € EP(F).
On the other hand, from (2.36), we see that

limsup((yf — B)z,xp, —2) = ((yf — B)z,w —z) <0. (2.40)

n—oQ
Finally, we show that x,, — z, as n — oco. From Lemma 1.3, we have
2041 — 2l = (. f (n) + Buxn + [(1 = BT — cty BIWn Y — 2, Xnt1 — 2)
= an(yf(xn) — Bz, Xpy1 — 2) + Bn{Xn — 2, Xn41 — 2)
+ {[(1 = B! — an BI(Wyyn — 2), Xn41 — 2)
< oy {(f () = £(2), Xnt1 — 2) + oy f(2) — Bz, Xpy1 — 2)
+ Bullxn — zllllxn+1 — zll + (1 = Bn — en¥) llyn — 2l Xn41 — zll
%muxn —z1? + lxng1 — 213 + e (¥ (@) — Bz, xap1 — 2)
+ (1 —any) X0 — zllllxn41 — zll

yo
(%0 — zlI* + Ixns1 — 213 + @ (¥ f(2) — Bz, X1 — 2)

IA

<
- 2
(1 —a,7)
+ f"(uxn =zl + X1 — 2l1%)
1—a,(7 —ay) 1
< "fnxn —zI*+ 5 Pt = 2l + an (Y f(2) — Bz, Xnt1 — 2),

which implies that
Ixn1 — 2l? < 11— an (P — a)]llxn — zlI* + 20 (¥ £ (2) — Bz, Xnt1 — 2).

From the condition (C2), (2.40) and using Lemma 1.4, we see that lim,—,  [|x, — z|| = 0.
This completes the proof. O

Remark 2.2 Theorem 2.1 improves Theorem 3.1 of Chang et al. [5] as a special case. To
be more precise, we consider a pair of inverse-strongly monotone mappings instead of a
single mapping based on the extragradient-like method. The common element z which is the
optimality condition for the minimization problem min,co %(Bx, x) — h(x), where h is the
potential function for y f is more meaningful; see [11,28,30].

Letting y = 1 and B = [, the identity mapping, we can obtain the following result
immediately from Theorem 2.1.

Corollary 2.3 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C x C to R which satisfies (A1)-(A4). Let A; be a §;-inverse-strongly
monotone mapping of C into H for each j = 1,2,{S; : C — C} a family of infinitely
nonexpansive mappings with @ := FP N EP(F) N VI # (), where FP = N2 | F(S;) and
VI=VI(C,A)NVI(C, Ay). Let f be a contraction of C into itself with the contractive
coefficient (0 < o < 1). Let {x,,} be a sequence generated by x; € C and

F(un, y) + 7-(y — tn, up — %) 20, Vy eC,
Zn = Pc(uy — Ay Asuy),

yn = Pc(zn — nnAizn),
Xnt1 = n f(Xp) + Buxn + (1 — By — o) Wy, Vn>1,
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where {W,, : C — C} is the sequence defined by (1.7), {«,} and {B,} are sequences in
[0, 1] and {r,}, {’y} and {n,} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

CHO0O<a<B<b<1,0<c=<n,<d<28,0<c <A, <d <28,Yn>1;
(C2) limy—oo ey =0and >0 | oty = 00;

(C3) liminfyooory > 0, D oo lrug1 — rn| < 00;

(CH) limy—00(hy — Apg1) = limy 00y — Npg1) = 0.

Then {x,} converges strongly to z € 2, where z = Pq [ (2).

Remark 2.4 If Ay = A; and A, = n, for each n > 1, then Corollary 2.2 is reduced to
Theorem 3.1 of Chang et al. [5].

If Ay = Ay =0, then Theorem 2.1 is reduced to the following result.

Corollary 2.5 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C x C to R which satisfies (A1)—(A4). Let {S; : C — C} be a family of
infinitely nonexpansive mappings with Q@ := FNEP(F) # (), where F = N2 F(S;). Let f
be a contraction of H into itself with the contractive coefficient «(0 <a <1),B: C - H
a strongly positive linear bounded self-joint operator with the coefficient y > 0. Assume that
0 <y < y/o. Let {x,} be a sequence generated by x| € H and

[F<un,y>+,1<y—un,un —x,) 20, ¥yec,
Xnt1 = oy f(xn) + Buxn + (1 = B)I — ay B]Wyuy,, Vn > 1,

where {W,, : C — C} is the sequence defined by (1.7), {«,} and {8, } are sequences in [0, 1]
and {ry} is a positive number sequence. Assume that the above control sequences satisfy the
following restrictions

CH O0<a=pp=b<lVnz=1
(C2) limy 00y =0, and Y7 | ay = 00;
(C3) liminf, ooy > 0, limy 00 7/ Fnt1 = 1.

Then {x,} converges strongly to z € 2, where z = Po(I — B+ yf)z.

Remark 2.6 Corollary 2.5 improves the results of Colao, Marino and Xu [6] from a finite
family of nonexpansive mappings to an infinite family of nonexpansive mappings.

If y =1, B = I, the identity mapping, f(x) =u € C,forallx € H,and A| = A, = A,
then Theorem 2.1 is reduced to the following result.

Corollary 2.7 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C x C to R which satisfies (A1)—(A4). Let A be a §-inverse-strongly mono-
tone mapping of C into H, {S; : C — C} a family of infinitely nonexpansive mappings with
Q:=FPNEP(F)NVI(C,A) # ), where FP = N2 | F(S;). Let {x,} be a sequence
generated by x; = u € C and

Fun, y) + 7y — tn, p — xa) 20, Vy €C,

Zn = Pc(un — AnAuy),

Xp41 = otplt + ﬂn-xn + (1 - ,Bn - an)WnPC(Zn - )LnAZn), Vn > 1,

where {W,, : C — C} is the sequence defined by (1.7), {«,} and {8, } are sequences in [0, 1]
and {r,} and {1} are positive number sequences. Assume that the above control sequences
satisfy the following restrictions
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Cl)0<a<Bi<b<1,0<c=<r,<d<?25,Vn=>1l;
(C2) lim, 00y =0, and Y07 | ap = 00;

(C3) Iminfyoorn > 0, 207 [Fng1 — rnl < 00;

(C4) limy—0o(Ay — Apy1) =0.

Then {x,} converges strongly to z € 2, where z = Pqu.

Remark 2.8 Corollary 2.7 improves the results of Plubtieng and Punpaeng [13] from a single
nonexpansive mapping to an infinite family of nonexpansive mappings.

Letting F(x,y) = 0, for Vx,y € C and {r,} = 1,V¥n > 1, in Theorem 2.1, we have
u, = Pcx,. Then the following results can be obtained immediately.

Corollary 2.9 Let C be a nonempty closed convex subset of a Hilbert space H. Let A j be a
8 j-inverse-strongly monotone mapping of C into H foreach j = 1,2, {S; : C — C}afamily
of infinitely nonexpansive mappings with Q@ :== FP NV I # (), where FP = N2 | F(S;) and
VI=VI(C,A)NVI(C, A2). Let f be a contraction of H into itself with the contractive
coefficientx(0 < @ < 1), B : C — H a strongly positive linear bounded self-joint operator
with the coefficient y > 0. Assume that 0 < y < y /a. Let {x,} be a sequence generated by
x1 € H and

zn = Pc(I — A, A2) Pcxy,

Yn = Pc(zn — MnA12n),

Xp1 = Qp¥f(xp) + Buxn +[(A = B — 0y BIW,y,, Vn > 1,
where {W, : C — C} is the sequence defined by (1.7), {ap,} and {B,,} are sequences in [0, 1]
and {A,} and {n,} are positive number sequences. Assume that the above control sequences
satisfy the following restrictions
CHO0<a<B,<b<1,0<c=<n,<d<28,0<c <X, <d <28,¥Vn>1;
(C2) limy o0ty =0, and 302 | oty = 00;
(C3) limy— 00y — Apt1) = limy—00(7n — Np+1) = 0.
Then {x,} converges strongly to z € Q, where z = Po(I — B+ yf)z.

Further, putting f(x) =u € C,forallx € H,y = 1 and B = I, the identity mapping,
we can obtain the following easily from Corollary 2.9.

Corollary 2.10 Let C be a nonempty closed convex subset of a Hilbert space H. Let A ; be a
d j-inverse-strongly monotone mapping of C into H foreach j = 1,2, {S; : C — C}afamily
of infinitely nonexpansive mappings with Q := FP NV I # (), where FP = N2, F(S;) and
VI=VI(C,A)NVI(C, Ap). Let {x,} be a sequence generated by x; = u € C and

Zn = Pc(xy — Ay A2xy),

Yn = Pc(zn — MnA12a),

Xpgl = oy + lgnxn + (1 - ﬂn - Ofn)Wnym Vn > 1,
where {W,, : C — C} is the sequence defined by (1.7), {«,} and {8, } are sequences in [0, 1]
and {A,} and {n,} are positive number sequences. If the above control sequences satisfy the
following restrictions
CHO0O<a<B<b<1,0<c=<n,<d<28,0<c <) <d <28,Yn>1;
(C2) limy— ooty =0, and > oo | ay = 00;
(C3) limp— o0y — Apt1) = limp—00(Mn — Np+1) = 0.
Then {x,} converges strongly to z = Pqu.

Remark 2.11 Corollary 2.10 includes Ceng and Yao [4], Yao and Yao [30] as special cases.
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3 Applications

As applications of our main results, we can obtain the following results.

First, we consider another class of important nonlinear operators: strict pseudo-contrac-
tions.

Recall that a mapping S : C — C is said to be a k-strict pseudo-contraction if there exists
a constant ¥ € [0, 1) such that

[Sx = SyI* < lx — yI* + &l = $)x — (I — S)y|I*>. Vx,yeC.

Note that the class of «-strict pseudo-contractions strictly includes the class of nonexpansive
mappings.

Put A = 1—S,where S : C — C isak-strict pseudo-contraction. Then A is 15’( -inverse-
strongly monotone; see [1,5] for more details.

Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C x C to R which satisfies (A1)—(A4). Let T; be a k j-strict pseudo-con-
tractive mapping of C into itself for each j = 1,2,{S; : C — C} a family of infinitely
nonexpansive mappings with Q := FP N EP(F) N VI # (), where FP =N | F(S;) and
VI=VI(C,A)NVI(C, Az). Let f be a contraction of H into itself with the contractive
coefficientx(0 < @ < 1), B : C — H a strongly positive linear bounded self-joint operator
with the coefficient y > 0. Assume that 0 < y < y /a. Let {x,} be a sequence generated by
x1 € H and

F(uu, y) + %(y —Up, Uy —Xy) =20, VyeC,

zn = (1 = A)up + Ay Touy,

Yo = =n)zn +nuT12n,

Xpt1 = oY f(xn) + Buxy + (1 — B)I — ayn BIWyyu, VYn>1,
where {W,, : C — C} is the sequence defined by (1.7), {a,} and {B,} are sequences in
[0, 1] and {r,}, {Ay} and {n,} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

CHO0<a<B,<b<1,0<c<n,<d<28,0<c <X, <d <28,¥Vn>1,;
(C2) limy—oo ey =0, and > o | apy = 00;

(C3) liminfus oo rp > 0, liMys o0 n/Fast = 1;

(CH) limy—00(hy — Apg1) = limy 00 (My — Npg1) = 0.

Then {x,} converges strongly to z € 2, where z = Po(I — B+ yf)z.

Proof Taking A; =1 —T; : C — H, weesee that A; : C — H is §;-strict pseudo-con-

traction with §; = 1—2:(,- and F/(T;) = VI(C, Aj) for j = 1,2. We can obtain the desired
conclusion easily from Theorem 2.1. This completes the proof. O

Remark 3.2 Theorem 3.1 mainly improves Theorem 4.3 of Chang et al. [5], Theorem 4.2 of
Plubtieng and Punpaeng [13] and Theorem 3.3 of Yao and Yao [30], respectively.

Second, we utilize the results presented in the paper to study the following optimization
problem:

iréigh(x), 3.1

where C is a nonempty bounded closed convex subset of a real Hilbert space,and 2 : C — R
is a convex and lower semi-continuous functional. We denote by H the set of solutions of
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(3.1). Let F : C x C — R be a bifunction defined by F'(x, y) = h(y) — h(x). We consider
the following equilibrium problem, that is to find x € C such that

F(x,y)>0, VyecC. (3.2)

Itis easy to see that the bifunction F satisfies conditions (A1)—(A4) and E P(F) = H, where
E P(F) is the set of solutions of equilibrium problem (3.2).

Theorem 3.3 Let C be a nonempty bounded closed convex subset of a Hilbert space H
and h be defined as the above. Let [ be a contraction of H into itself with the contractive
coefficientx(0 < @ < 1), B : C — H a strongly positive linear bounded self-joint operator
with the coefficient y > 0. Assume that 0 < y < y Ja. Let {x,} be a sequence generated by
x1 € H and

[h(y) — h(un) + 3y — wp, up — x) 20, VyeC,
Xp1 = Ay f(xn) + Buxy + (A = B)I —ayBlu,, VYn >1,

where {a, } and {B,} are sequences in [0, 1] and {r,} is a positive number sequence. Assume
that the above control sequences satisfy the following restrictions

Cl)O0O<a<pB,<b<1,Vn=>1;
(C2) limy— o0ty =0and X7 ay = 00;
(C3) liminf, oo 1y > 0,limy— 00 /Fny1 = 1.

Then {x,} converges strongly to z € H, where z = Pn(I — B + yf)z.

Proof Letting S; = I, the identity mapping, for Vi > 1, we see that W,, = [. Taking
A1 = A> =0, we can conclude the desired conclusion easily from Theorem 2.1. O

Remark 3.4 Theorem 3.3 includes Theorem 4.1 of Chang et al. [5] as a special case.

Acknowledgments The authors are grateful to the editor and two anonymous referees for useful suggestions
that improved the contents of the paper.
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