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1 Introduction and preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖,
respectively. Let C be a nonempty closed convex subset of H and PC the projection of H
onto C .

Let f, S, A, B, T be five nonlinear mappings. Recall the following definitions.

(1) f : H → H is said to be contractive if there exists an α ∈ (0, 1) such that

‖ f (x) − f (y)‖ ≤ α‖x − y‖, ∀x, y ∈ C.

(2) S : C → C is said to be nonexpansive if

‖Sx − Sy‖ ≤ ‖x − y‖, ∀x, y ∈ C.

Throughout this paper, we use F(S) to denote the set of fixed points of the mapping
S. We also remark that if the subset C is nonempty bounded closed and convex then
F(S) 	= ∅.

(3) A : C → H is said to be monotone if

〈x − y, Ax − Ay〉 ≥ 0, ∀x, y ∈ C.

(4) A : C → H is said to be inverse-strongly monotone if there exists δ > 0 such that

〈x − y, Ax − Ay〉 ≥ δ‖Ax − Ay‖2, ∀x, y ∈ C.

Such a mapping A is also called δ-inverse-strongly monotone; see, for instance, [1,9].
We know that if S : C → C is nonexpansive, then A = I − S is 1

2 -inverse-strongly
monotone; see [1,23] for more details.

(5) B : C → H is said to be strongly positive if there is a constant γ̄ > 0 such that

〈Bx, x〉 ≥ γ̄ ‖x‖2, ∀x ∈ C.

(6) A set-valued mapping T : H → 2H is called monotone if f ∈ T x and g ∈ T y imply
that 〈x − y, f − g〉 ≥ 0 for all x, y ∈ H . A monotone mapping T : H → 2H is
maximal if the graph of G(T ) of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if and only if
for (x, f ) ∈ H × H, 〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T ) implies f ∈ T x . Let
A be a monotone map of C into H and let NCv be the normal cone to C at v ∈ C , i.e.,
NCv = {w ∈ H : 〈v − u, w〉 ≥ 0, ∀u ∈ C} and define

T v =
{

Av + NCv, v ∈ C
∅, v /∈ C.

(�)

Then T is maximal monotone and 0 ∈ T v if and only if 〈Av, u − v〉 ≥ 0,∀u ∈ C ; see
[18] for more details.

Recall that the classical variational inequality is to find u ∈ C such that

〈Au, v − u〉 ≥ 0, ∀v ∈ C. (1.1)

In this paper, we use V I (C, A) to denote the solution set of the variational inequality (1.1).
For given z ∈ H and u ∈ C , we see that the following inequality holds

〈u − z, v − u〉 ≥ 0, ∀v ∈ C,
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if and only if u = PC z. It is known that projection operator PC is nonexpansive. It is also
known that PC satisfies

〈x − y, PC x − PC y〉 ≥ ‖PC x − PC y‖2, ∀x, y ∈ C. (1.2)

One can see that the variational inequality (1.1) is equivalent to a fixed point problem.
An element u ∈ C is a solution of the variational inequality (1.1) if and only if u ∈ C is a
fixed point of the mapping PC (I − λA)u, where λ > 0 is a constant and I is the identity
mapping. This alternative equivalent formulation has played a significant role in the studies
of the variational inequalities and related optimization problems.

Iterative methods for nonexpansive mappings have recently been applied to solve con-
vex minimization problems; see, e.g., [8,11,27,28,31] and the references therein. A typical
problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H :

min
x∈F(S)

1

2
〈Bx, x〉 − h(x), (1.3)

where B is a linear bounded operator defined on H, F(S) is the fixed point set of the nonex-
pansive mapping S and h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H ).

Recently, Marino and Xu [11] studied the following iterative scheme

x0 ∈ H, xn+1 = (I − αn B)Sxn + αnγ f (xn), n ≥ 0,

where f is a contraction defined on H, B is a strongly positive linear bounded operator and S
is a nonexpansive mapping with a fixed point. They proved that the sequence {xn} generated
by the above iterative scheme converges strongly to the unique solution of the variational
inequality

〈(B − γ f )x∗, x − x∗〉 ≥ 0, ∀x ∈ F(S),

which is the optimality condition for the minimization problem (1.3).
Let F be a bifunction of C × C into R, where R is the set of real numbers. We consider

the following equilibrium problem:

Find u ∈ C such that F(u, y) ≥ 0, ∀y ∈ C. (1.4)

In this paper, the set of such u ∈ C is denoted by E P(F), i.e.,

E P(F) = {u ∈ C : F(u, y) ≥ 0, ∀y ∈ C}.
Numerous problems in physics, optimization, and economics reduce to find a solution of
(1.4); see, for instance, [2,7,10].

Throughout this paper, we assume that the bifunction F : C × C → R satisfies the
following conditions:

(A1) F(x, x) = 0 for all x ∈ C ;
(A2) F is monotone, i.e., F(x, y) + F(y, x) ≤ 0 for all x, y ∈ C ;
(A3) for each x, y, z ∈ C,

lim sup
t↓0

F(t z + (1 − t)x, y) ≤ F(x, y);

(A4) for each x ∈ C, y �→ F(x, y) is convex and lower semi-continuous.
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Recently, Takahashi and Takahashi [22] introduced the following iterative method
{

F(yn, u) + 1
rn

〈u − yn, yn − xn〉 ≥ 0, ∀u ∈ C,

xn+1 = αn f (xn) + (1 − αn)T yn, n ≥ 1

for approximating a common element of the set of fixed points of a single nonexpansive
mapping and the set of solutions of the equilibrium problem (1.4). They obtained a strong
convergence theorem in a real Hilbert space.

Subsequently, many authors studied the problem of finding a common element of the set
of fixed points nonexpansive mappings, the set of solutions of variational inequalities and
the set of solutions of equilibrium problems; see [3–6,13–17,20,22,24,25,29,30] for more
details.

Recently, Colao et al. [6] studied the equilibrium problem (1.4) and a W -mapping, which
was generated by a finite family of nonexpansive mappings; see [6] for more details, and
prove the following theorem.

Theorem VMX Let H be a Hilbert space, C a closed convex nonempty subset of H, {Ti }N
i=1

a finite family of nonexpansive mappings from H into itself, G : C × C → R a bifunction,
A a strongly positive bounded linear operator with coefficient γ̄ and f an α-contraction on
H for some 0 < α < 1. Moreover, let {εn} be a sequence in (0, 1), {λn,i }N

i=1 a sequence
in [a, b] with 0 < a ≤ b < 1, {rn} a sequence in (0,∞) and γ and β two real numbers
such that 0 < β < 1 and 0 < γ < γ̄ /α. Assume the bifuction G satisfies (A1)–(A4) and
F ∩ E P(G) 	= ∅, where F = ∩N

i=1 F(Ti ), and the sequence {εn} satisfies

(1) limn→∞ εn = 0, and
∑∞

n=1 εn = ∞,
the sequence {rn} satisfies

(2) lim infn→∞ rn > 0, limn→∞ rn/rn+1 = 1,

the finite family of sequence {λn,i }N
i=1 satisfies

(3) limn→∞ |λn,i − λn−1,i | = 0, for every i ∈ {1, 2, . . . , N }.
For every n ∈ N, let Wn be the W -mapping generated by T1, . . . , TN and
λn,1, . . . , λn,N . If {xn} and {un} are the sequences generated by x1 ∈ H and ∀n ≥ 1.

{
F(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H,

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wnun,
(1.5)

then both {xn} and {un} converge strongly to x∗ ∈ F, where x∗ is an equilibrium point
for F and is the unique solution of variational inequality,

〈(A − γ f )x∗, x∗ − x〉 ≤ 0, ∀x ∈ F ∩ E P(G).

Very recently, Chang, Lee and Chan [5] introduced a new iterative method for solving the
variational inequality (1.1), fixed point problems of nonexpansive mappings and the equilib-
rium problem (1.4) in the framework of real Hilbert spaces. More precisely, they proved the
following theorem.

Theorem CLC Let H be a real Hilbert space, C be a nonempty closed convex subset of
H, F be a bifunction satisfying the conditions (A1)–(A4), A : C → H be an α-inverse-
strongly monotone mapping, {Si : C → C} be a family of infinitely nonexpansive mappings
with F ∩V I (C, A)∩E P(F) 	= ∅, where F := ∩∞

i=1 F(Si ) and f : H → H be a contraction
mapping with a contractive constant ξ ∈ (0, 1). Let {xn}, {yn}{kn} and {un} be sequences
defined by
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⎧⎪⎪⎨
⎪⎪⎩

F(un, y) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αn f (xn) + βn xn + γn Wnkn, ∀n ≥ 1,

kn = PC (yn − λn Ayn),

yn = PC (un − λn Aun),

(1.6)

where {Wn : C → C} is the sequence defined by (1.7), {αn}, {βn} and {γn} are sequences in
[0, 1], {λn} is a sequence in [a, b] ⊂ (0, 2α) and {rn} is a sequence in (0,∞). If the following
conditions are satisfied:

(1) αn + βn + γn = 1;
(2) limn→∞ αn = 0;

∑∞
n=1 αn = ∞;

(3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(4) lim infn→∞ rn > 0;

∑∞
n=1 |rn+1 − rn | < ∞;

(5) limn→∞ |λn+1 − λn | = 0

then {xn} and {un} converge strongly to z ∈ F ∩ V I (C, A) ∩ E P(F), where
z = PF∩V I (C,A)∩E P(F) f (z).

In this paper, motivated and inspired by the research going on in this direction, we intro-
duce a general iterative method for finding a common element of the set of solutions of
the equilibrium problem (1.4), the set of solutions of variational inequalities and the set of
common fixed points of a family of nonexpansive mappings in the framework of real Hilbert
spaces. The results presented in this paper improve and extend the corresponding results of
Chang Lee and Chan [5], Ceng and Yao [3,4], Iiduka and Takahashi [9], Qin, Shang and
Zhou [14], Su, Shang and Qin [20], Takahashi and Takahashi [22], Takahashi and Toyoda
[24], Verma [26], Yao, Noor and Liou [29], Yao and Yao [30] and many others.

In order to prove our main results, we need the following definitions and lemmas.
A space X is said to satisfy Opial’s condition [12] if for each sequence {xn} in X which

converges weakly to point x ∈ X , we have

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞ ‖xn − y‖, ∀y ∈ X, y 	= x .

It is well known that [12] all Hilbert spaces and l p(p > 1) satisfy Opial’s condition, while
L p does not unless p = 2.

Lemma 1.1 ([2]). Let C be a nonempty closed convex subset of H ad F : C × C → R a
bifunction satisfying (A1)–(A4). Then for any r > 0 and x ∈ H, there exists z ∈ C such
that

F(z, y) + 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Lemma 1.2 ([7]). Suppose that all the conditions in Lemma 1.1 are satisfied. For r > 0 and
x ∈ H, define a mapping Tr : H → C as follows:

Tr (x) =
{

z ∈ C : F(z, y) + 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for z ∈ H. Then the following conclusions hold:

(1) Tr is single-valued;
(2) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

‖Tr x − Tr y‖2 ≤ 〈Tr x − Tr y, x − y〉;
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(3) F(Tr ) = E P(F);
(4) E P(F) is closed and convex.

Lemma 1.3 Let H be a real Hilbert space. The following inequality holds

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, x, y ∈ H.

Lemma 1.4 ([27]). Assume that {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤ (1 − γn)αn + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that

(1)
∑∞

n=1 γn = ∞;
(2) lim supn→∞ δn/γn ≤ 0 or

∑∞
n=1 |δn | < ∞.

Then limn→∞ αn = 0.

Definition 1.5 ([21]). Let {Si : C → C} be a family of infinitely nonexpansive mappings
and {γi } be a nonnegative real sequence with 0 ≤ γi < 1,∀i ≥ 1. For n ≥ 1 define a
mapping Wn : C → C as follows:

Un,n+1 = I,
Un,n = γn SnUn,n+1 + (1 − γn)I,
Un,n−1 = γn−1Sn−1Un,n + (1 − γn−1)I,
...

Un,k = γk SkUn,k+1 + (1 − γk)I,
Un,k−1 = γk−1Sk−1Un,k + (1 − γk−1)I,
...

Un,2 = γ2S2Un,3 + (1 − γ2)I,
Wn = Un,1 = γ1S1Un,2 + (1 − γ1)I.

(1.7)

Such a mapping Wn is nonexpansive from C to C and it is called a W -mapping generated by
Sn, Sn−1, . . . , S1 and γn, γn−1, . . . , γ1.

Lemma 1.6 ([21]). Let C be a nonempty closed convex subset of a Hilbert space H,

{Si : C → C} a family of infinitely nonexpansive mappings with ∩∞
i=1 F(Si ) 	= ∅ and

{γi } a real sequence such that 0 < γi ≤ l < 1,∀i ≥ 1. Then

(1) Wn is nonexpansive and F(Wn) = ∩n
i=1 F(Si ), for each n ≥ 1;

(2) for each x ∈ C and for each positive integer k, the limit limn→∞ Un,k exists.
(3) the mapping W : C → C defined by

W x := lim
n→∞ Wn x = lim

n→∞ Un,1x, x ∈ C,

is a nonexpansive mapping satisfying F(W ) = ∩∞
i=1 F(Si ) and it is called the W -map-

ping generated by S1, S2, . . . and γ1, γ2, . . . .

Lemma 1.7 ([5]). Let C be a nonempty closed convex subset of a Hilbert space H, {Si :
C → C} a family of infinitely nonexpansive mappings with ∩∞

i=1 F(Si ) 	= ∅ and {γi } a real
sequence such that 0 < γi ≤ l < 1,∀i ≥ 1. If K is any bounded subset of C, then

lim
n→∞ sup

x∈K
‖W x − Wn x‖ = 0.

Throughout this paper, we always assume that 0 < γi ≤ l < 1,∀i ≥ 1.
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Lemma 1.8 ([19]). Let {xn} and {yn} be bounded sequences in a real Hilbert space H and
let {βn} be a sequence in (0, 1) with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose
that xn+1 = (1 − βn)yn + βn xn for all n ≥ 0 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖yn − xn‖ = 0.

2 Main results

Theorem 2.1 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C × C to R which satisfies (A1)–(A4). Let A j be a δ j -inverse-strongly
monotone mapping of C into H for each j = 1, 2, {Si : C → C} a family of infinitely
nonexpansive mappings with 
 := F P ∩ E P(F) ∩ V I 	= ∅, where F P = ∩∞

i=1 F(Si ) and
V I = V I (C, A1) ∩ V I (C, A2). Let f be a contraction of H into itself with the contractive
coefficient α(0 < α < 1), B : C → H a strongly positive linear bounded self-joint operator
with the coefficient γ̄ > 0. Assume that 0 < γ < γ̄ /α. Let {xn} be a sequence generated by
x1 ∈ H and⎧⎪⎪⎨

⎪⎪⎩

F(un, y) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = PC (un − λn A2un),

yn = PC (zn − ηn A1zn),

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn, ∀n ≥ 1,

(2.1)

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in
[0, 1] and {rn}, {λn} and {ηn} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ ηn ≤ d < 2δ1, 0 < c′ ≤ λn ≤ d ′ < 2δ2,∀n ≥ 1;
(C2) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0, limn→∞ rn/rn+1 = 1;
(C4) limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0.

Then the sequence {xn} converges strongly to z ∈ 
, which solves uniquely the following
variational inequality

〈(B − γ f )z, z − x〉 ≤ 0, ∀x ∈ 
. (2.2)

Equivalently, we have P
(I − B + γ f )z = z.

Proof The uniqueness of the solution of the variational inequality (2.2) is a consequence
of the strong monotonicity of B − γ f . Indeed, suppose that z1 ∈ 
 and z2 ∈ 
 both are
solutions to (2.2). Then, we have

〈(B − γ f )z1, z1 − z2〉 ≤ 0

and

〈(B − γ f )z2, z2 − z1〉 ≤ 0.

Adding up the two inequalities, we see that

〈(B − γ f )z1 − (B − γ f )z2, z1 − z2〉 ≤ 0.
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The strong monotonicity of B − γ f (see Lemma 2.3 of [11]) implies that z1 = z2 and the
uniqueness is proved. Below we use z to denote the unique solution of (2.2).

Next, we show, for each n ≥ 1, that the mappings I −ηn A1 and I −λn A2 are nonexpansive.
Indeed, for ∀x, y ∈ C , from the condition (C1) one has

‖(I − ηn A1)x − (I − ηn A1)y‖2

= ‖(x − y) − ηn(A1x − A1 y)‖2

= ‖x − y‖2 − 2ηn〈x − y, A1x − A1 y〉 + η2
n‖A1x − A1 y‖2

≤ ‖x − y‖2 − 2ηnδ1‖A1x − A1 y‖2 + η2
n‖A1x − A1 y‖2

= ‖x − y‖2 + ηn(ηn − 2δ1)‖A1x − A1 y‖2

≤ ‖x − y‖2,

which implies the mapping I − ηn A1 is nonexpansive, so is I − λn A2 for each n ≥ 1.
Note that un can be re-written as un = Trn xn for each n ≥ 1. Take x∗ ∈ 
. Noticing that
x∗ = Trn x∗, we have

‖un − x∗‖ = ‖Trn xn − Trn x∗‖ ≤ ‖xn − x∗‖. (2.3)

On the other hand, we have

‖zn − x∗‖ = ‖PC (un − λn A2un) − PC (x∗ − λn A2x∗)‖
≤ ‖(un − λn A2un) − (x∗ − λn A2x∗)‖
≤ ‖un − x∗‖. (2.4)

It follows from (2.3) and (2.4) that

‖zn − x∗‖ ≤ ‖xn − x∗‖, (2.5)

which yields that

‖yn − x∗‖ = ‖PC (zn − ηn A1zn) − PC (x∗ − ηn A1x∗)‖
≤ ‖(zn − ηn A1zn) − (x∗ − ηn A1x∗)‖
≤ ‖zn − x∗‖
≤ ‖xn − x∗‖. (2.6)

Note that from the condition (C2), we may assume, without loss of generality, that αn ≤
(1 − βn)‖B‖−1 for all n ≥ 1. Since B is a strongly positive linear bounded self-adjoint
operator on C, we have

‖B‖ = sup{|〈Bx, x〉| : x ∈ C, ‖x‖ = 1},
Now for x ∈ C with ‖x‖ = 1, we see that

〈((1 − βn)I − αn B)x, x〉 = 1 − βn − αn〈Bx, x〉
≥ 1 − βn − αn‖B‖
≥ 0,

that is, (1 − βn)I − αn A is positive. It follows that

‖(1 − βn)I − αn B‖ = sup{〈((1 − βn)I − αn B)x, x〉 : x ∈ C, ‖x‖ = 1}
= sup{1 − βn − αn〈Bx, x〉 : x ∈ C, ‖x‖ = 1}
≤ 1 − βn − αn γ̄ . (2.7)
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From (2.1), (2.6) and (2.7), we arrive at

‖xn+1 − x∗‖ = ‖αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn − x∗‖
≤ αn‖γ f (xn) − Bx∗‖ + βn‖xn − x∗‖ + ‖(1 − βn)I − αn B‖‖Wn yn − x∗‖
≤ αn‖γ f (xn) − Bx∗‖ + βn‖xn − x∗‖ + (1 − βn − αn γ̄ )‖Wn yn − x∗‖
≤ αn‖γ f (xn) − γ f (x∗)‖ + αn‖γ f (x∗) − Bx∗‖ + βn‖xn − x∗‖

+ (1 − βn − αn γ̄ )‖yn − x∗‖
≤ ααnγ ‖xn − x∗‖ + αn‖γ f (x∗) − Bx∗‖ + βn‖xn − x∗‖

+ (1 − βn − αn γ̄ )‖xn − x∗‖
= [1 − αn(γ̄ − αγ )]‖xn − x∗‖ + αn‖γ f (x∗) − Bx∗‖.

By simple inductions, we obtain that

‖xn − x∗‖ ≤ max

{
‖x1 − x∗‖, ‖γ f (x∗) − Bx∗‖

γ̄ − αγ

}
,

which gives that the sequence {xn} is bounded, so are {yn}, {zn} and {un}. Without loss of
generality, we can assume that there exists a bounded set K ⊂ C such that

yn, zn, un ∈ K , ∀n ≥ 1. (2.8)

Notice that un+1 = Trn+1 xn+1 and un = Trn xn . We see from Lemma 1.2 that

F(un+1, y) + 1

rn+1
〈y − un+1, un+1 − xn+1〉 ≥ 0, ∀y ∈ C, (2.9)

and

F(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C. (2.10)

Let y = un in (2.9) and y = un+1 in (2.10). By adding up these two inequalities and using
the condition (A2), we obtain that〈

un+1 − un,
un − xn

rn
− un+1 − xn+1

rn+1

〉
≥ 0.

Hence, we have〈
un+1 − un, un − un+1 + un+1 − xn − rn

rn+1
(un+1 − xn+1)

〉
≥ 0.

This implies that

‖un+1 − un‖2 ≤
〈
un+1 − un, xn+1 − xn +

(
1 − rn

rn+1

)
(un+1 − xn+1)

〉

≤ ‖un+1 − un‖
[
‖xn+1 − xn‖ +

∣∣∣∣1 − rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖
]

.

It follows that

‖un+1 − un‖ ≤ ‖xn+1 − xn‖ +
∣∣∣∣1 − rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖

≤ ‖xn+1 − xn‖ + M1

∣∣∣∣1 − rn

rn+1

∣∣∣∣ , (2.11)
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where M1 is an appropriate constant such that M1 = supn≥1{‖un − xn‖}. On the other hand,
from (2.1) and the nonexpansivity of the mapping I − λn A2,∀n ≥ 1, we see that

‖zn+1 − zn‖ = ‖PC (un+1 − λn+1 A2un+1) − PC (un − λn A2un)‖
≤ ‖un+1 − λn+1 A2un+1 − (un − λn A2un)‖
= ‖(I − λn+1 A2)un+1 − (I − λn+1 A2)un + (λn − λn+1)A2un‖
≤ ‖un+1 − un‖ + |λn − λn+1|‖A2un‖. (2.12)

Substituting (2.11) into (2.12), we arrive at

‖zn+1 − zn‖ ≤ ‖xn+1 − xn‖ + M2

(∣∣∣∣1 − rn

rn+1

∣∣∣∣ + |λn − λn+1|
)

, (2.13)

where M2 is an appropriate constant such that M2 = max{supn≥1{‖A2un‖}, M1}.
On the other hand, we have

‖yn+1 − yn‖ = ‖PC (zn+1 − ηn+1 A1zn+1) − PC (zn − ηn A1zn)‖
≤ ‖zn+1 − ηn+1 A1zn+1 − (zn − ηn A1zn)‖
= ‖(I − ηn+1 A1)zn+1 − (I − ηn+1 A1)zn + (ηn − ηn+1)A1zn‖
≤ ‖zn+1 − zn‖ + |ηn − ηn+1|‖A1zn‖. (2.14)

Substituting (2.13) into (2.14), we obtain that

‖yn+1 − yn‖ ≤ ‖xn+1 − xn‖ + M3

(∣∣∣1 − rn
rn+1

∣∣∣ + |λn − λn+1| + |ηn − ηn+1|
)
,

(2.15)

where M3 is an appropriate constant such that M3 ≥ max{M2, supn≥1{‖A1zn‖}}. Letting

xn+1 = (1 − βn)vn + βn xn, ∀n ≥ 1, (2.16)

we see that

vn+1 − vn = αn+1γ f (xn+1) + [(1 − βn+1)I − αn+1 B]Wn+1 yn+1

1 − βn+1

−αnγ f (xn) + [(1 − βn)I − αn B]Wn yn

1 − βn

= αn+1

1 − βn+1
[γ f (xn+1 − BWn yn] + Wn+1 yn+1

− αn

1 − βn
[γ f (xn) − BWn yn] − Wn yn .

It follows that

‖vn+1 − vn‖ ≤ αn+1

1 − βn+1
‖γ f (xn+1 − BWn yn‖ + αn

1 − βn
‖γ f (xn) − BWn yn‖

+‖Wn+1 yn+1 − Wn yn‖. (2.17)
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On the other hand, we have

‖Wn+1 yn+1 − Wn yn‖ = ‖Wn+1 yn+1 − W yn+1 + W yn+1 − W yn + W yn − Wn yn‖
≤ ‖Wn+1 yn+1 − W yn+1‖ + ‖W yn+1 − W yn‖ + ‖W yn − Wn yn‖
≤ sup

x∈K
{‖Wn+1x − W x‖ + ‖W x − Wn x‖} + ‖yn+1 − yn‖,

(2.18)

where K is the bounded subset of C defined by (2.8). Substituting (2.15) into (2.18), one
arrives at

‖Wn+1 yn+1 − Wn yn‖ ≤ sup
x∈K

{‖Wn+1x − W x‖ + ‖W x − Wn x‖} + ‖xn+1 − xn‖

+M3

(∣∣∣∣1 − rn

rn+1

∣∣∣∣ + |λn − λn+1| + |ηn − ηn+1|
)

,

which combines with (2.17) yields that

‖vn+1 − vn‖ − ‖xn+1 − xn‖
≤ αn+1

1 − βn+1
‖γ f (xn+1 − BWn yn‖ + αn

1 − βn
‖γ f (xn) − BWn yn‖

+ sup
x∈K

{‖Wn+1x − W x‖ + ‖W x − Wn x‖}

+M3

(∣∣∣∣1 − rn

rn+1

∣∣∣∣ + |λn − λn+1| + |ηn − ηn+1|
)

.

It follows from the conditions (C2)–(C4) and Lemma 1.7 that

lim sup
n→∞

(‖vn+1 − vn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, we obtain from Lemma 1.8 that

lim
n→∞ ‖vn − xn‖ = 0.

From (2.16), we see that

‖xn+1 − xn‖ = (1 − βn)‖vn − xn‖.
It follows that

lim
n→∞ ‖xn+1 − xn‖ = 0. (2.19)

Put fn = γ f (xn) − BWn yn , for ∀n ≥ 1. For any x∗ ∈ 
, we from Lemma 1.3 see that

‖xn+1 − x∗‖2 = ‖αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn − x∗‖2

= ‖αnγ f (xn) + βn xn + (1 − βn)Wn yn − αn BWn yn − x∗‖2

= ‖αn(γ f (xn) − BWn yn) + [βn(xn − x∗) + (1 − βn)(Wn yn − x∗)]‖2

≤ ‖βn(xn − x∗) + (1 − βn)(Wn yn − x∗)‖2 + 2αn〈 fn, xn+1 − x∗〉
≤ βn‖xn − x∗‖2 + (1 − βn)‖Wn yn − x∗‖2 + 2αn‖ fn‖‖xn+1 − x∗‖
≤ βn‖xn − x∗‖2 + (1 − βn)‖yn − x∗‖2 + 2αn M2

4 , (2.20)
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where M4 is an appropriate constant such that

M4 = max{sup
n≥1

‖ fn‖, sup
n≥1

‖xn − x∗‖}.

On the other hand, it follows from (2.1) that

‖yn − x∗‖2 = ‖PC (zn − ηn A1zn) − x∗‖2

≤ ‖(I − ηn A1)zn − (I − ηn A1)x∗‖2

= ‖(zn − x∗) − ηn(A1zn − A1x∗)‖2

= ‖zn − x∗‖2 − 2ηn〈zn − x∗, A1zn − A1x∗〉 + η2
n‖A1zn − A1x∗‖2

≤ ‖zn − x∗‖2 − 2ηnδ1‖A1zn − A1x∗‖2 + η2
n‖A1zn − A1x∗‖2

= ‖zn − x∗‖2 + ηn(ηn − 2δ1)‖A1zn − A1x∗‖2. (2.21)

Substituting (2.21) into (2.20), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)(‖zn − x∗‖2

+ηn(ηn − 2δ1)‖A1zn − A1x∗‖2) + 2αn M2
4

≤ βn‖xn − x∗‖2 + (1 − βn)(‖xn − x∗‖2

+ηn(ηn − 2δ1)‖A1zn − A1x∗‖2) + 2αn M2
4

≤ ‖xn − x∗‖2 + (1 − βn)ηn(ηn − 2δ1)‖A1zn − A1x∗‖2 + 2αn M2
4 .

It follows from the condition (C1) that

(1 − b)c(2δ1 − d)‖A1zn − A1x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2αn M2
4

≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖ + 2αn M2
4 .

It follows from (2.19) and the condition (C2) that

lim
n→∞ ‖A1zn − A1x∗‖ = 0. (2.22)

Next, we show that

lim
n→∞ ‖A2un − A2x∗‖ = 0. (2.23)

From (2.20), we obtain that

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)‖zn − x∗‖2 + 2αn M2
4 . (2.24)

On the other hand, we have

‖zn − x∗‖2 = ‖PC (un − λn A2un) − x∗‖2

≤ ‖(I − λn A2)un − (I − λn A2)x∗‖2

= ‖(un − x∗) − λn(A2un − Au x∗)‖2

= ‖un − x∗‖2 − 2λn〈un − x∗, A2un − A2x∗〉 + λ2
n‖A2un − A2x∗‖2

≤ ‖un − x∗‖2 − 2λnδ2‖A2un − A2x∗‖2 + λ2
n‖A2un − A2x∗‖2

= ‖un − x∗‖2 + λn(λn − 2δ2)‖A2un − A2x∗‖2. (2.25)
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Substituting (2.25) into (2.24), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)(‖un − x∗‖2 + λn(λn − 2δ2)‖A2un − A2x∗‖2)

+ 2αn M2
4

≤ βn‖xn − x∗‖2 + (1 − βn)(‖xn − x∗‖2 + λn(λn − 2δ2)‖A2un − A2x∗‖2)

+2αn M2
4

≤ ‖xn − x∗‖2 + (1 − βn)λn(λn − 2δ2)‖A2un − A2x∗ |2 + 2αn M2
4 .

It follows from the condition (C1) that

(1 − b)c′(2δ2 − d ′)‖A2un − A2x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2αn M2
4

≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖+2αn M2
4 .

From (2.19) and the condition (C2), we see that (2.23) holds.
On the other hand, it follows from Lemma 1.2 that

‖un − x∗‖2 = ‖Trn xn − Trn x∗‖2

≤ 〈Trn xn − Trn x∗, un − x∗〉
= 〈xn − x∗, un − x∗〉
= 1

2
(‖un − x∗‖2 + ‖xn − x∗‖2 − ‖un − xn‖2) (2.26)

and hence

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2. (2.27)

From (2.24), we have

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)‖un − x∗‖2 + 2αn M2
4 . (2.28)

Substituting (2.27) into (2.28), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)(‖xn − x∗‖2 − ‖xn − un‖2) + 2αn M2
4

≤ ‖xn − x∗‖2 − (1 − βn)‖xn − un‖2 + 2αn M2
4

It follows that

(1 − βn)‖xn − un‖2 ≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖ + 2αn M2
4 .

Thanks to the conditions (C1), (C2) and (2.19), we obtain that

lim
n→∞ ‖xn − un‖ = 0. (2.29)
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On the other hand, from (1.2), we have

‖zn − x∗‖2 = ‖PC (I − λn A2)un − PC (I − λn A2)x∗‖2

≤ 〈(I − λn A2)un − (I − λn A2)x∗, zn − x∗〉
= 1

2

{‖(I − λn A2)un − (I − λn A2)x∗‖2 + ‖zn − x∗‖2

−‖(I − λn A2)un − (I − λn A2)x∗ − (zn − x∗)‖2}
≤ 1

2

{‖un − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn − λn(A2un − A2x∗)‖2}

= 1

2

{‖un − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn‖2

+ 2λn〈un − zn, A2un − A2x∗〉 − λ2
n‖A2un − A2x∗‖2} ,

which implies that

‖zn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − zn‖2 + 2λn〈un − zn, A2un − A2x∗〉
− λ2

n‖A2un − A2x∗‖2

≤ ‖xn − x∗‖2 − ‖un − zn‖2 + 2λn‖un − zn‖‖A2un − A2x∗‖. (2.30)

Substituting (2.30) into (2.24), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)(‖xn − x∗‖2 − ‖un − zn‖2

+ 2λn‖un − zn‖A2un − A2x∗‖) + 2αn M2
4

≤ ‖xn − x∗‖2 − (1 − βn)‖un − zn‖2 + 2λn‖un − zn‖A2un − A2x∗‖
+ 2αn M2

4 ,

from which it follows that

(1 − βn)‖un − zn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2αn M2
4

+ 2λn‖un − zn‖A2un − A2x∗‖
≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖ + 2αn M2

4

+ 2λn‖un − zn‖A2un − A2x∗‖.

It follows from the conditions (C1), (C2), (2.19) and (2.23) that

lim
n→∞ ‖un − zn‖ = 0. (2.31)

Next, in a similar way, we show that

lim
n→∞ ‖yn − zn‖ = 0. (2.32)
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From (1.2), we have

‖yn − x∗‖2 = ‖PC (I − ηn A1)zn − PC (I − ηn A1)x∗‖2

≤ 〈(I − ηn A1)zn − (I − ηn A1)x∗, yn − x∗〉
= 1

2

{‖(I − ηn A1)zn − (I − ηn A1)x∗‖2 + ‖yn − x∗‖2

−‖(I − ηn A1)zn − (I − ηn A1)x∗ − (yn − x∗)‖2}
≤ 1

2

{‖zn − x∗‖2 + ‖yn − x∗‖2 − ‖zn − yn − ηn(A1zn − A1x∗)‖2}

≤ 1

2

{‖zn − x∗‖2 + ‖yn − x∗‖2 − ‖zn − yn‖2

+ 2ηn〈zn − yn, A1zn − A1x∗〉 − η2
n‖A1zn − A1x∗‖2} ,

which implies that

‖yn − x∗‖2 ≤ ‖zn − x∗‖2 − ‖zn − yn‖2 + 2ηn〈zn − yn, A1zn − A1x∗〉
−η2

n‖A1zn − A1x∗‖2

≤ ‖xn − x∗‖2 − ‖zn − yn‖2 + 2ηn‖zn − yn‖‖A1zn − A1x∗‖. (2.33)

Substituting (2.33) into (2.20), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1 − βn)
(‖xn − x∗‖2 − ‖zn − yn‖2

+ 2ηn‖zn − yn‖‖A1zn − A1x∗‖) + 2αn M2
4

≤ ‖xn − x∗‖2 − (1 − βn)‖zn − yn‖2 + 2ηn‖zn − yn‖‖A1zn − A1x∗‖
+ 2αn M2

4 ,

from which it follows that

(1 − βn)‖zn − yn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+ 2ηn‖zn − yn‖‖A1zn − A1x∗‖ + 2αn M2
4

≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖
+ 2ηn‖zn − yn‖‖A1zn − A1x∗‖
+ 2αn M2

4 .

It follows from the conditions (C1), (C2), (2.19) and (2.22) that (2.32) holds.
On the other hand, from (2.1), we have

‖Wn yn − xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Wn yn‖
≤ ‖xn − xn+1‖ + αn‖γ f (xn) − BWn yn‖ + βn‖xn − Wn yn‖.

It follows that

(1 − βn)‖Wn yn − xn‖ ≤ ‖xn − xn+1‖ + αn‖γ f (xn) − BWn yn‖.
Since (2.19) and the conditions (C1), (C2), we obtain that

lim
n→∞ ‖Wn yn − xn‖ = 0. (2.34)
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Notice that

‖Wn yn − yn‖ ≤ ‖yn − zn‖ + ‖zn − un‖ + ‖un − xn‖ + ‖xn − Wn yn‖.
From (2.29), (2.31), (2.32), and (2.34), we obtain that

lim
n→∞ ‖Wn yn − yn‖ = 0. (2.35)

Next, we prove that

lim sup
n→∞

〈(γ f − B)z, xn − z〉 ≤ 0,

where z = P
[I − (B − γ f )]z. To see this, we choose a subsequence {xni } of {xn} such that

lim sup
n→∞

〈(γ f − B)z, xn − z〉 = lim
i→∞〈(γ f − B)z, xni − z〉. (2.36)

Since {xni } is bounded, there exists a subsequence {xni j
} of {xni } which converges weakly

to w. Without loss of generality, we can assume that xni ⇀ w. On the other hand, we have

‖xn − yn‖ ≤ ‖xn − un‖ + ‖un − zn‖ + ‖zn − yn‖.
It follows from (2.29), (2.31) and (2.32) that

lim
n→∞ ‖xn − yn‖ = 0. (2.37)

Therefore, we see that yni ⇀ w. First, we prove that w ∈ V I (C, A1). For the purpose, let T
be the maximal monotone mapping defined by (�):

T x =
{

A1x + NC x, x ∈ C
∅, x /∈ C.

For any given (x, y) ∈ G(T ), hence y − A1x ∈ NC . Since yn ∈ C , by the definition of NC ,
we have

〈x − yn, y − A1x〉 ≥ 0. (2.38)

On the other hand, from yn = PC (I − ηn A1)zn, we have

〈x − yn, yn − (I − ηn A1)zn〉 ≥ 0

and hence 〈
x − yn,

yn − zn

ηn
+ A1zn

〉
≥ 0.

From (2.38) and the δ1-inverse monotonicity of A1, we see that

〈x − yni , y〉 ≥ 〈x − yni , A1x〉
≥ 〈x − yni , A1x〉 −

〈
x − yni ,

yni − zni

ηni

+ A1zni

〉

= 〈x − yni , A1x − A1 yni 〉 + 〈x − yni , A1 yni − A1zni 〉
−

〈
x − yni ,

yni − zni

ηni

〉

≥ 〈x − yni , A1 yni − A1zni 〉 −
〈
x − yni ,

yni − zni

ηni

〉
.
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Since (2.32), yni ⇀ w and A1 is Lipschitz continuous, we obtain that

lim
i→∞〈x − yni , y〉 = 〈x − w, y〉 ≥ 0.

Notice that T is maximal monotone, hence 0 ∈ T w. This shows that w ∈ V I (C, A1). It
follows from (2.32) and (2.37) that we also have

lim
n→∞ ‖xn − zn‖ = 0.

Therefore, we obtain that zni ⇀ w. Similarly, we can prove that w ∈ V I (C, A2). That is,
w ∈ V I = V I (C, A2) ∩ V I (C, A1).

Next, we show that w ∈ F P = ∩∞
i=1 F(Si ). Suppose the contrary, w /∈ F P , i.e., Ww 	= w.

Since yni ⇀ w and by the Opial condition, we see that

lim inf
i→∞ ‖yni − w‖ < lim inf

i→∞ ‖yni − Ww‖
≤ lim inf

i→∞ {‖yni − W yni ‖ + ‖W yni − Ww‖}
≤ lim inf

i→∞ {‖yni − W yni ‖ + ‖yni − w‖}. (2.39)

On the other hand, we have

‖W yn − yn‖ ≤ ‖W yn − Wn yn‖ + ‖Wn yn − yn‖
≤ sup

x∈K
‖W x − Wn x‖ + ‖Wn yn − yn‖.

From Lemma 1.7 and (2.35), we obtain that limn→∞ ‖W yn − yn‖ = 0, which combines with
(2.39) yields that that

lim inf
i→∞ ‖yni − w‖ < lim inf

i→∞ ‖yni − w‖,

which derives a contradiction. Thus, we have w ∈ F P.

Next, we show that w ∈ E P(F). It follows from (2.29) that un ⇀ w. Since un = Trn xn ,
for any y ∈ C , we have

F(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0.

From the condition (A2), we see that

1

rn
〈y − un, un − xn〉 ≥ F(y, un).

Replacing n by ni , we arrive at〈
y − uni ,

uni − xni

rni

〉
≥ F(y, uni ).

It follows from the condition (A4) that

F(y, w) ≤ 0, ∀y ∈ C.

For t with 0 < t ≤ 1 and ρ ∈ C, let ρt = tρ + (1 − t)w. Since ρ ∈ C and w ∈ C , we have
ρt ∈ C . By using the condition (A4), we see

0 = F(ρt , ρt ) ≤ t F(ρt , ρ) + (1 − t)F(ρt , w) ≤ t F(ρt , ρ).
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which yields that

F(ρt , ρ) ≥ 0.

By using the condition (A3), we see that F(w, y) ≥ 0,∀y ∈ C. This shows that w ∈ E P(F).

On the other hand, from (2.36), we see that

lim sup
n→∞

〈(γ f − B)z, xn − z〉 = 〈(γ f − B)z, w − z〉 ≤ 0. (2.40)

Finally, we show that xn → z, as n → ∞. From Lemma 1.3, we have

‖xn+1 − z‖2 = 〈αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn − z, xn+1 − z〉
= αn〈γ f (xn) − Bz, xn+1 − z〉 + βn〈xn − z, xn+1 − z〉

+ 〈[(1 − βn)I − αn B](Wn yn − z), xn+1 − z〉
≤ αnγ 〈 f (xn) − f (z), xn+1 − z〉 + αn〈γ f (z) − Bz, xn+1 − z〉

+ βn‖xn − z‖‖xn+1 − z‖ + (1 − βn − αn γ̄ )‖yn − z‖‖xn+1 − z‖
≤ γα

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γ f (z) − Bz, xn+1 − z〉

+ (1 − αn γ̄ )‖xn − z‖‖xn+1 − z‖
≤ γα

2
αn(‖xn − z‖2 + ‖xn+1 − z‖2) + αn〈γ f (z) − Bz, xn+1 − z〉

+ (1 − αn γ̄ )

2
(‖xn − z‖2 + ‖xn+1 − z‖2)

≤ 1 − αn(γ̄ − αγ )

2
‖xn − z‖2 + 1

2
‖xn+1 − z‖2 + αn〈γ f (z) − Bz, xn+1 − z〉,

which implies that

‖xn+1 − z‖2 ≤ [1 − αn(γ̄ − αγ )]‖xn − z‖2 + 2αn〈γ f (z) − Bz, xn+1 − z〉.
From the condition (C2), (2.40) and using Lemma 1.4, we see that limn→∞ ‖xn − z‖ = 0.

This completes the proof. ��
Remark 2.2 Theorem 2.1 improves Theorem 3.1 of Chang et al. [5] as a special case. To
be more precise, we consider a pair of inverse-strongly monotone mappings instead of a
single mapping based on the extragradient-like method. The common element z which is the
optimality condition for the minimization problem minx∈


1
2 〈Bx, x〉 − h(x), where h is the

potential function for γ f is more meaningful; see [11,28,30].

Letting γ = 1 and B = I , the identity mapping, we can obtain the following result
immediately from Theorem 2.1.

Corollary 2.3 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C × C to R which satisfies (A1)–(A4). Let A j be a δ j -inverse-strongly
monotone mapping of C into H for each j = 1, 2, {Si : C → C} a family of infinitely
nonexpansive mappings with 
 := F P ∩ E P(F) ∩ V I 	= ∅, where F P = ∩∞

i=1 F(Si ) and
V I = V I (C, A1) ∩ V I (C, A2). Let f be a contraction of C into itself with the contractive
coefficient α(0 < α < 1). Let {xn} be a sequence generated by x1 ∈ C and⎧⎪⎪⎨

⎪⎪⎩

F(un, y) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = PC (un − λn A2un),

yn = PC (zn − ηn A1zn),

xn+1 = αn f (xn) + βn xn + (1 − βn − αn)Wn yn, ∀n ≥ 1,
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where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in
[0, 1] and {rn}, {λn} and {ηn} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ ηn ≤ d < 2δ1, 0 < c′ ≤ λn ≤ d ′ < 2δ2,∀n ≥ 1;
(C2) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn | < ∞;
(C4) limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0.

Then {xn} converges strongly to z ∈ 
, where z = P
 f (z).

Remark 2.4 If A1 = A2 and λn = ηn for each n ≥ 1, then Corollary 2.2 is reduced to
Theorem 3.1 of Chang et al. [5].

If A1 = A2 = 0, then Theorem 2.1 is reduced to the following result.

Corollary 2.5 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C × C to R which satisfies (A1)–(A4). Let {Si : C → C} be a family of
infinitely nonexpansive mappings with 
 := F ∩ E P(F) 	= ∅, where F = ∩∞

i=1 F(Si ). Let f
be a contraction of H into itself with the contractive coefficient α(0 < α < 1), B : C → H
a strongly positive linear bounded self-joint operator with the coefficient γ̄ > 0. Assume that
0 < γ < γ̄ /α. Let {xn} be a sequence generated by x1 ∈ H and{

F(un, y) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wnun, ∀n ≥ 1,

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in [0, 1]
and {rn} is a positive number sequence. Assume that the above control sequences satisfy the
following restrictions

(C1) 0 < a ≤ βn ≤ b < 1,∀n ≥ 1;
(C2) limn→∞ αn = 0, and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0, limn→∞ rn/rn+1 = 1.

Then {xn} converges strongly to z ∈ 
, where z = P
(I − B + γ f )z.

Remark 2.6 Corollary 2.5 improves the results of Colao, Marino and Xu [6] from a finite
family of nonexpansive mappings to an infinite family of nonexpansive mappings.

If γ = 1, B = I , the identity mapping, f (x) ≡ u ∈ C , for all x ∈ H , and A1 = A2 = A,
then Theorem 2.1 is reduced to the following result.

Corollary 2.7 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C × C to R which satisfies (A1)–(A4). Let A be a δ-inverse-strongly mono-
tone mapping of C into H, {Si : C → C} a family of infinitely nonexpansive mappings with

 := F P ∩ E P(F) ∩ V I (C, A) 	= ∅, where F P = ∩∞

i=1 F(Si ). Let {xn} be a sequence
generated by x1 = u ∈ C and⎧⎨

⎩
F(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = PC (un − λn Aun),

xn+1 = αnu + βn xn + (1 − βn − αn)Wn PC (zn − λn Azn), ∀n ≥ 1,

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in [0, 1]
and {rn} and {λn} are positive number sequences. Assume that the above control sequences
satisfy the following restrictions

123



442 J Glob Optim (2010) 48:423–445

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ λn ≤ d < 2δ,∀n ≥ 1;
(C2) limn→∞ αn = 0, and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn | < ∞;
(C4) limn→∞(λn − λn+1) = 0.

Then {xn} converges strongly to z ∈ 
, where z = P
u.

Remark 2.8 Corollary 2.7 improves the results of Plubtieng and Punpaeng [13] from a single
nonexpansive mapping to an infinite family of nonexpansive mappings.

Letting F(x, y) ≡ 0, for ∀x, y ∈ C and {rn} = 1,∀n ≥ 1, in Theorem 2.1, we have
un = PC xn . Then the following results can be obtained immediately.

Corollary 2.9 Let C be a nonempty closed convex subset of a Hilbert space H. Let A j be a
δ j -inverse-strongly monotone mapping of C into H for each j = 1, 2, {Si : C → C} a family
of infinitely nonexpansive mappings with 
 := F P ∩ V I 	= ∅, where F P = ∩∞

i=1 F(Si ) and
V I = V I (C, A1) ∩ V I (C, A2). Let f be a contraction of H into itself with the contractive
coefficient α(0 < α < 1), B : C → H a strongly positive linear bounded self-joint operator
with the coefficient γ̄ > 0. Assume that 0 < γ < γ̄ /α. Let {xn} be a sequence generated by
x1 ∈ H and⎧⎨

⎩
zn = PC (I − λn A2)PC xn,

yn = PC (zn − ηn A1zn),

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn, ∀n ≥ 1,

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in [0, 1]
and {λn} and {ηn} are positive number sequences. Assume that the above control sequences
satisfy the following restrictions

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ ηn ≤ d < 2δ1, 0 < c′ ≤ λn ≤ d ′ < 2δ2,∀n ≥ 1;
(C2) limn→∞ αn = 0, and

∑∞
n=1 αn = ∞;

(C3) limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0.

Then {xn} converges strongly to z ∈ 
, where z = P
(I − B + γ f )z.

Further, putting f (x) = u ∈ C , for all x ∈ H, γ = 1 and B = I , the identity mapping,
we can obtain the following easily from Corollary 2.9.

Corollary 2.10 Let C be a nonempty closed convex subset of a Hilbert space H. Let A j be a
δ j -inverse-strongly monotone mapping of C into H for each j = 1, 2, {Si : C → C} a family
of infinitely nonexpansive mappings with 
 := F P ∩ V I 	= ∅, where F P = ∩∞

i=1 F(Si ) and
V I = V I (C, A1) ∩ V I (C, A2). Let {xn} be a sequence generated by x1 = u ∈ C and⎧⎨

⎩
zn = PC (xn − λn A2xn),

yn = PC (zn − ηn A1zn),

xn+1 = αnu + βn xn + (1 − βn − αn)Wn yn, ∀n ≥ 1,

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in [0, 1]
and {λn} and {ηn} are positive number sequences. If the above control sequences satisfy the
following restrictions

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ ηn ≤ d < 2δ1, 0 < c′ ≤ λn ≤ d ′ < 2δ2,∀n ≥ 1;
(C2) limn→∞ αn = 0, and

∑∞
n=1 αn = ∞;

(C3) limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0.

Then {xn} converges strongly to z = P
u.

Remark 2.11 Corollary 2.10 includes Ceng and Yao [4], Yao and Yao [30] as special cases.

123



J Glob Optim (2010) 48:423–445 443

3 Applications

As applications of our main results, we can obtain the following results.
First, we consider another class of important nonlinear operators: strict pseudo-contrac-

tions.
Recall that a mapping S : C → C is said to be a κ-strict pseudo-contraction if there exists

a constant κ ∈ [0, 1) such that

‖Sx − Sy‖2 ≤ ‖x − y‖2 + κ‖(I − S)x − (I − S)y‖2, ∀x, y ∈ C.

Note that the class of κ-strict pseudo-contractions strictly includes the class of nonexpansive
mappings.

Put A = I −S, where S : C → C is a κ-strict pseudo-contraction. Then A is 1−κ
2 -inverse-

strongly monotone; see [1,5] for more details.

Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H and F a
bifunction from C × C to R which satisfies (A1)–(A4). Let Tj be a κ j -strict pseudo-con-
tractive mapping of C into itself for each j = 1, 2, {Si : C → C} a family of infinitely
nonexpansive mappings with 
 := F P ∩ E P(F) ∩ V I 	= ∅, where F P = ∩∞

i=1 F(Si ) and
V I = V I (C, A1) ∩ V I (C, A2). Let f be a contraction of H into itself with the contractive
coefficient α(0 < α < 1), B : C → H a strongly positive linear bounded self-joint operator
with the coefficient γ̄ > 0. Assume that 0 < γ < γ̄ /α. Let {xn} be a sequence generated by
x1 ∈ H and⎧⎪⎪⎨

⎪⎪⎩

F(un, y) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = (1 − λn)un + λnT2un,

yn = (1 − ηn)zn + ηnT1zn,

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]Wn yn, ∀n ≥ 1,

where {Wn : C → C} is the sequence defined by (1.7), {αn} and {βn} are sequences in
[0, 1] and {rn}, {λn} and {ηn} are positive number sequences. Assume that the above control
sequences satisfy the following restrictions

(C1) 0 < a ≤ βn ≤ b < 1, 0 < c ≤ ηn ≤ d < 2δ1, 0 < c′ ≤ λn ≤ d ′ < 2δ2,∀n ≥ 1;
(C2) limn→∞ αn = 0, and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0, limn→∞ rn/rn+1 = 1;
(C4) limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0.

Then {xn} converges strongly to z ∈ 
, where z = P
(I − B + γ f )z.

Proof Taking A j = I − Tj : C → H , wee see that A j : C → H is δ j -strict pseudo-con-

traction with δ j = 1−κ j
2 and F(Tj ) = V I (C, A j ) for j = 1, 2. We can obtain the desired

conclusion easily from Theorem 2.1. This completes the proof. ��
Remark 3.2 Theorem 3.1 mainly improves Theorem 4.3 of Chang et al. [5], Theorem 4.2 of
Plubtieng and Punpaeng [13] and Theorem 3.3 of Yao and Yao [30], respectively.

Second, we utilize the results presented in the paper to study the following optimization
problem:

min
x∈C

h(x), (3.1)

where C is a nonempty bounded closed convex subset of a real Hilbert space, and h : C → R

is a convex and lower semi-continuous functional. We denote by H the set of solutions of
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(3.1). Let F : C × C → R be a bifunction defined by F(x, y) = h(y) − h(x). We consider
the following equilibrium problem, that is to find x ∈ C such that

F(x, y) ≥ 0, ∀y ∈ C. (3.2)

It is easy to see that the bifunction F satisfies conditions (A1)–(A4) and E P(F) = H, where
E P(F) is the set of solutions of equilibrium problem (3.2).

Theorem 3.3 Let C be a nonempty bounded closed convex subset of a Hilbert space H
and h be defined as the above. Let f be a contraction of H into itself with the contractive
coefficient α(0 < α < 1), B : C → H a strongly positive linear bounded self-joint operator
with the coefficient γ̄ > 0. Assume that 0 < γ < γ̄ /α. Let {xn} be a sequence generated by
x1 ∈ H and {

h(y) − h(un) + 1
rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnγ f (xn) + βn xn + [(1 − βn)I − αn B]un, ∀n ≥ 1,

where {αn} and {βn} are sequences in [0, 1] and {rn} is a positive number sequence. Assume
that the above control sequences satisfy the following restrictions

(C1) 0 < a ≤ βn ≤ b < 1,∀n ≥ 1;
(C2) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(C3) lim infn→∞ rn > 0, limn→∞ rn/rn+1 = 1.

Then {xn} converges strongly to z ∈ H, where z = PH(I − B + γ f )z.

Proof Letting Si = I , the identity mapping, for ∀i ≥ 1, we see that Wn = I . Taking
A1 = A2 = 0, we can conclude the desired conclusion easily from Theorem 2.1. ��
Remark 3.4 Theorem 3.3 includes Theorem 4.1 of Chang et al. [5] as a special case.

Acknowledgments The authors are grateful to the editor and two anonymous referees for useful suggestions
that improved the contents of the paper.

References

1. Browder, F.E., Petryshyn, W.V.: Construction of fixed points of nonlinear mappings in Hilbert space.
J. Math. Anal. Appl. 20, 197–228 (1967)

2. Blum, E., Oettli, W.: From optimization and variational inequalities to equilibrium problems. Math.
Stud. 63, 123–145 (1994)

3. Ceng, L.C., Yao, J.C.: Hybrid viscosity approximation schemes for equilibrium problems and fixed point
problems of infinitely many nonexpansive mappings. Appl. Math. Comput. 198, 729–741 (2008)

4. Ceng, L.C., Yao, J.C.: Strong convergence theorems by a relaxed extragradient method for a general
system of variational inequalities. Math. Meth. Oper. Res. 67, 375–390 (2008)

5. Chang, S.S., Lee, H.W.J., Chan, C.K.: A new method for solving equilibrium problem fixed point prob-
lem and variational inequality problem with application to optimization. Nonlinear Anal. 70, 3307–
3319 (2009)

6. Colao, V., Marino, G., Xu, H.K.: An iterative method for finding common solutions of equilibrium and
fixed point problems. J. Math. Anal. Appl. 344, 340–352 (2008)

7. Combettes, P.L., Hirstoaga, S.A.: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex
Anal. 6, 117–136 (2005)

8. Deutsch, F., Yamada, I.: Minimizing certain convex functions over the intersection of the fixed point sets
of nonexpansive mappings. Numer. Funct. Anal. Optim. 19, 33–56 (1998)

9. Iiduka, H., Takahashi, W.: Strong convergence theorems for nonexpansive mappings and inverse-strongly
monotone mappings. Nonlinear Anal. 61, 341–350 (2005)

123



J Glob Optim (2010) 48:423–445 445

10. Moudafi, A.: Weak convergence theorems for nonexpansive mappings and equilibrium problems. J. Non-
linear Convex Anal. 9, 37–43 (2008)

11. Marino, G., Xu, H.K.: A general iterative method for nonexpansive mappings in Hilbert spaces. J. Math.
Anal. Appl. 318, 43–52 (2006)

12. Opial, Z.: Weak convergence of the sequence of successive approximations for nonexpansive map-
pings. Bull. Amer. Math. Soc. 73, 595–597 (1967)

13. Plubtieng, S., Punpaeng, R.: A new iterative method for equilibrium problems and fixed point problems
of nonexpansive mappings and monotone mappings. Appl. Math. Comput. 197, 548–558 (2008)

14. Qin, X., Shang, M., Zhou, H.: Strong convergence of a general iterative method for variational inequality
problems and fixed point problems in Hilbert spaces. Appl. Math. Comput. 200, 242–253 (2008)

15. Qin, X., Shang, M., Su, Y.: A general iterative method for equilibrium problems and fixed point problems
in Hilbert spaces. Nonlinear Anal. 69, 3897–3909 (2008)

16. Qin, X., Shang, M., Su, Y.: Strong convergence of a general iterative algorithm for equilibrium problems
and variational inequality problems. Math. Comput. Modelling 48, 1033–1046 (2008)

17. Qin, X., Cho, Y.J., Kang, S.M.: Convergence theorems of common elements for equilibrium problems and
fixed point problems in Banach spaces. J. Comput. Appl. Math. 225, 20–30 (2009)

18. Rockafellar, R.T.: On the maximality of sums of nonlinear monotone operators. Trans. Amer. Math.
Soc. 149, 75–88 (1970)

19. Suzuki, T.: Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter nonex-
pansive semigroups without Bochne integrals. J. Math. Anal. Appl. 305, 227–239 (2005)

20. Su, Y., Shang, M., Qin, X.: An iterative method of solution for equilibrium and optimization prob-
lems. Nonlinear Anal. 69, 2709–2719 (2008)

21. Shimoji, K., Takahashi, W.: Strong convergence to common fixed points of infinite nonexpansive
mappings and applications. Taiwanese J. Math. 5, 387–404 (2001)

22. Takahashi, S., Takahashi, W.: Viscosity approximation methods for equilibrium problems and fixed point
problems in Hilbert spaces. J. Math. Anal. Appl. 331, 506–515 (2007)

23. Takahashi, W.: Nonlinear Functional Analysis. Yokohama Publishers, Yokohama (2000)
24. Takahashi, W., Toyoda, M.: Weak convergence theorems for nonexpansive mappings and monotone

mappings. J. Optim. Theory Appl. 118, 417–428 (2003)
25. Takahashi, S., Takahahsi, W.: Strong convergence theorem of a generalized equilibrium problem and a

nonexpansive mapping in a Hilbert space. Nonlinear Anal. 69, 1025–1033 (2008)
26. Verma, R.U.: Iterative algorithms and a new system of nonlinear quasivariational inequalities. Adv. Non-

linear Var. Inequal. 4, 117–124 (2001)
27. Xu, H.K.: Iterative algorithms for nonlinear operators. J. London Math. Soc. 66, 240–256 (2002)
28. Xu, H.K.: An iterative approach to quadratic optimization. J. Optim. Theory Appl. 116, 659–678 (2003)
29. Yao, Y., Noor, M.A., Liou, Y.C.: On iterative methods for equilibrium problems. Nonlinear Anal. 70, 497–

509 (2009)
30. Yao, Y., Yao, J.C.: On modified iterative method for nonexpansive mappings and monotone map-

pings. Appl. Math. Comput. 186, 1551–1558 (2007)
31. Yamada, I., Ogura, N., Yamashita, Y., Sakaniwa, K.: Quadratic approximation of fixed points of nonex-

pansive mappings in Hilbert spaces. Numer. Funct. Anal. Optim. 19, 165–190 (1998)

123


	Iterative algorithms for variational inequality and equilibrium problems with applications
	Abstract
	1 Introduction and preliminaries
	2 Main results
	3 Applications
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


